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Die Bestrahlung von malignen Tumoren mit hochenergetischer ionisierender Strahlung ist
ein wichtiger Bestandteil der Tumortherapie.  Ein wesentlicher Vorteil von Protonen oder
leichten Ionen gegenüber konventioneller Strahlung (Photonen oder Elektronen) ist der
sehr abrupte Dosisabfall in einer bestimmten Gewebstiefe, die von der Einfallsenergie
abhängt.  Dieser Effekt wird als ‘Bragg-peak’ Verhalten bezeichnet.  Der sehr rasche
Dosisabfall erlaubt eine wesentlich verbesserte Anpassung der applizierten Dosis an das
Zielvolumen und daher größere Schonung des umliegenden gesunden Gewebes.  Hierzu
wird der Tumor in Schichten gleicher Eindringtiefe unterteilt und jede Schicht wird mit
einem dünnen Strahlenbündel (Durchmesser ~ 1 cm) der entsprechenden Energie
abgetastet.  Die erforderlichen Teilchenenergien für eine Eindringtiefe von etwa 30 cm sind
220 MeV für Protonen und 420 MeV/Nukleon für Kohlenstoffionen.  Teilchenstrahlen in
diesem Energiebereich können mit einem Synchrotron erzeugt werden, die Strahlenergie
kann dabei von Puls zu Puls geändert werden.
Die beschriebene Bestrahlungstechnik erfordert eine kontinuierliche Echtzeitmessung
der Dosis, die an jedes elementare Tumorvolumen abgegeben wird.  Der Hauptgrund für
die Verwendung der langsamen Resonanzextraktion aus einem Synchrotron ist die zur
Messung und Kontrolle des Strahles benötigte Zeit (typische Extraktionszeit ~ 1 s).  Bei
der langsamen Extraktion werden Teilchen in kontrollierter Weise von stabilen in instabile
Phasenraumbereiche gebracht.  Die Resonanz bewirkt eine Vergrößerung der transversalen
Schwingungsamplituden, die schließlich zur Extraktion führt.  Die Resonanzanregung
erfolgt durch Sextupolmagneten.  Die Qualität des extrahierten Strahles (konstante
Dosisleistung, kleine Energiestreuung, gleichbleibende mittlere Energie und Strahlgröße)
während eines Extraktionsvorgangs und damit die erzielbare Homogenität der
Dosisverteilung hängen kritisch von der Konfiguration der Resonanzextraktion und der
Stabilität der Magnetstromversorgungen ab.
Ziel der vorliegende Arbeit ist die Entwicklung der Strahloptik eines Synchrotrons
mit optimierter langsamer Resonanzextraktion für die Tumortherapie mit Protonen und
Kohlenstoffionen.  Der Beschleuniger mußte speziell auf die Erfordernisse der Extraktion
abgestimmt werden.  Die Arbeit enthält eine detaillierte Beschreibung der transversalen
Aspekte der langsamen Extraktion.  Ausgangspunkt ist die von Kobayashi [10] entwickelte
Beschreibung des Extraktionsphasenraumes.  Dieses Modell wurde erweitert, um sowohl
chromatische Effekte von resonanzanregenden Sextupolen, als auch Störungen des idealen
Orbits mit einbeziehen zu können.  Damit wurde eine -
 
in erster Ordnung vollständige
 
-
Beschreibung des transversalen Phasenraumes, ohne weitere Restriktionen auf bestimmte
Magnetanordnungen oder dispersionsfreie Bereiche im Beschleuniger, möglich.
Ausgehend von dieser erweiterten Theorie wurde ein Konzept für die Auslegung
des Beschleunigers entwickelt, das einen möglichst einfachen und stabilen Betrieb
garantiert und gleichzeitig die verwendeten Extraktionelemente (elektrostatisches und
magnetisches Extraktionsseptum) möglichst wenig belastet.  Um Teilchenverluste am
elektrostatischen Septum während der Extraktion zu minimieren, wurde eine detaillierte
Analyse der ‘Hardt-Bedingung’[14] für verschiedene Extraktionsgeometrien durchgeführt.
Besonderes Augenmerk wurde auch auf den Transfer des extrahierten Strahles vom
elektrostatischen zum magnetischen Septum gelegt.  Da der extrahierte Strahl eine
endliche Energiestreuung hat sollte der Transfer möglichst achromatisch sein, was in
weiterer Folge eine Reduktion der Hochspannung am elektrostatischen Septum erlaubt.
Ein Überblick der verschiedenen Möglichkeiten, Teilchen von stabilen in instabile
Phasenraumbereiche zu bewegen, wird gegeben.  Anschließend werden die verschiedenen
Extraktionsgeometrien und Extraktionsarten in Hinblick auf oben genannte Effekte
diskutiert und bewertet.
Die Planung des Beschleunigers erfolgte hauptsächlich nach obigen Kriterien, wobei
zusätzlich versucht wurde Anzahl und Stärke der benötigten Quadrupolfamilien (und
Stromversorgungen) zu minimieren.  Das Synchrotron ermöglicht eine -den medizinischen
Anforderungen entsprechende- langsame Extraktion.  Die für die Extraktion maßgeblichen
Parameter (Resonanzanregung und Chromatizität) sind unabhängig voneinander justierbar.
Die verwendete Extraktionsgeometrie und Extraktionsart (induktive Beschleunigung des
Strahles in die Resonanz) garantieren konstante Strahlgröße sowie konstante
Energiestreung und mittlere Energie während des Extraktionsvorgangs.  Es werden
keinerlei zusätzliche dynamische Orbitkorrekturen oder Änderungen der Felder in den
Extraktionssepta benötigt.  Während der Extraktion arbeiten alle Magneten (mit Ausnahme
des den Strahl während der Extraktion beschleunigenden Induktionsmagneten) bei
konstantem Feld, dies schafft optimale Betriebsbedingungen für die Regelung der
Stromversorgungen.
Mit dem Entwurf des Synchrotrons verbunden waren auch eher praktische Aspekte
wie die Dimensionierung der Vakuumkammer.  Die Position der Extraktionselemente
wurde optimiert, um etwa gleiche Strahlgrößen bei Injektion und Extraktion zu erzielen
und die zur Verfügung stehende Apertur möglichst ökonomisch zu nutzen.
Für die Hauptmagneten des Beschleunigers wurden 2-dimensionale, transversale
Polprofile berechnet.  Im Falle der Dipolmagneten kann diese Berechnung auch als
endgültige Spezifikation verwendet werden, da die magnetische Länge wesentlich größer
als der Polabstand ist.  Für die relativ kurzen Quadrupolmagneten ist jedoch eine
3-dimensionale Studie erforderlich.
Die detaillierte Analyse der transversalen Aspekte der langsamen Extraktion führte
zu einer neuen Technik für das Anpassen des extrahierten Strahles an eine -um den
Patienten drehbare- Gantry.  Es wurde gezeigt, daß ein langsam extrahierter Strahl nicht
rotationssymmetrisch ist.  Um den Strahl trotzdem an eine Gantry liefern zu können wurde
eine spezielle optische Struktur, bestehend aus mehreren Quadrupolmagneten, entwickelt.
Diese Struktur (Rotator) wird proportional zum jeweiligen Gantrywinkel (jedoch in der
Beschleunigerebene) rotiert und bildet den Strahl genau in das gedrehte
Gantrykoordinatensystem ab.
Ein weiterer Vorteil des Rotators ist, daß auch die Dispersionsfunktion in das
Gantrykoordinatensystem transformiert wird.  Die Dispersion wird durch die
Energieabhängigkeit des Ablenkradius in Dipolmagneten erzeugt.  Am Zielvolumen muß
die Dispersion null sein, andernfalls ergibt sich eine Korrelation zwischen transversaler
Teilchenposition und Teilchenenergie.  Bei einer konventionellen Gantry muß jedoch
zusätzlich auch am Gantryeingang die Dispersion null sein, was in der Regel die Anzahl der
Quadrupolmagnete und die Gantrylänge erhöht.  Bei der Verwendung eines Rotators
entfällt diese Bedingung und es ergibt sich die Möglichkeit, eine Strahloptik mit endlicher
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1INTRODUCTION
High-energy, ionising radiation has proved to be effective in the treatment of cancerous
tumours.  In particular, hadrons (that is protons and light ions) have the advantage of
penetrating the body easily and then depositing their energy at a depth determined by their
initial energy.  This is often referred to as the ‘Bragg-peak’ behaviour (see Figure 1).  The
abrupt cut-off of the beam at a controllable depth is a major advantage over conventional
radiation techniques.  The ‘Bragg-peak’ behaviour offers the possibility of a conformal


































































Figure 1. Bragg curves for monoenergetic carbon beams with different initial energies.
   (Courtesy of GSI, Darmstadt)
The exploitation of the ‘Bragg-peak’ behaviour can take many forms, employing different
types of accelerators, different modes of operation and different particles.
In all cases, it is necessary to measure and to control the dose delivered to the
patient.  The measurement and the control of the beam require time in which to operate
and this imposes the need for a quasi-continuous beam with, what is in accelerator terms, a
low intensity.  The energy required for penetration to say a depth of 30 cm is about
220 MeV for protons and 420 MeV/nucleon for carbon ions.  Quasi-continuous, low-
intensity hadron beams in these energy ranges can be provided by synchrotrons using a
slow-extraction scheme, cyclotrons and linacs.  The latter is included for completeness, but
in comparison with synchrotrons and cyclotrons, linacs are too expensive for this
application.  When using only protons, the cyclotron has a clear advantage in size, cost,
commercial availability and simplicity of operation.  However, for ions and dual species
machines, the better choice is the synchrotron.
It is important to note that cyclotrons can produce high-intensity, large-emittance
beams, whereas synchrotrons tend to produce lower intensities in smaller emittances.  In
general it is difficult to change the energy of a cyclotron whereas a synchrotron can change
the energy on a pulse to pulse basis.
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Thus the cyclotron is well suited to passive beam delivery systems in which the energy is
adjusted to the required depth by absorbers and the beam is spread over the irradiation
field by scatterers.  The irradiation field is then shaped by collimators and compensators to
be patient specific.  These techniques entail large beam losses (approx. 70%), which the
cyclotron can easily accept.  Using a spread-out beam is well-suited to large tumours in
parts of the body that are difficult to immobilise.  For example, the treatment can be
synchronised with patient breathing and, since always the whole tumour volume is
covered, there is no problem of dose uniformity within a moving tumour.  According to
the equipment used, a high degree of conformal treatment can also be achieved.
The synchrotron is better suited to active beam delivery systems in which the energy
is adjusted by the accelerator and a small pencil beam is scanned conformally over the
tumour.  This method is capable of a sub millimetre precision in three-dimensional space,
for complex tumour shapes.  The patient specific aspects are entirely contained within the
software of the treatment plan.  However, the above implies that there should be little or
no tumour movement during the treatment since different parts of the tumour are
irradiated at different times.  Active scanning also requires a continuous on-line
measurement of the dose, delivered to each elementary volume (voxel) of the tumour.  The
time needed to measure and control the beam is the reason for using a resonant slow
extraction scheme from the synchrotron.  The third-integer resonance extends the beam
extraction time sufficiently to perform on-line dosimetry at the patient and to switch the
beam on and off according to the dose required.  The uniformity of the extracted beam
intensity (spill uniformity), and the achieved dose distribution, depend critically on the
method of extraction, on the lattice design and the stability of the power converters.  It
should also be remembered that such a machine will be in a hospital environment and
therefore reliability, manoeuvrability of equipment and simplicity of operation will all be
major concerns.
The Proton-Ion Medical Machine Study (PIMMS) at the PS-Division in CERN was
set up following an agreement between Professor M. Regler of the Med-AUSTRON [1]
and Professor U. Amaldi of the TERA Foundation [2].  The agreed aim of the study was
to investigate and design a synchrotron-based medical facility that would allow the direct
clinical comparison of protons and ions for cancer treatment.
The machine was to be designed primarily for high-precision active beam scanning
for both protons and carbon ions, but was also to be capable of delivering proton beams by
passive scattering.  The performance parameters are defined by the clinical needs.  Thus,
the maximum energy of the machine is set to 400 MeV/nucleon for carbon ions and
250 MeV for protons.  The beam intensities and repetition rates have been adjusted so as
to deliver a single treatment, or fraction, in about two minutes.  For active scanning, it is
assumed that a nominal fraction would be 2 Gray in 2 litres (or equivalent combination)
delivered by 60 extractions in 2 minutes.  For passive scanning, it is assumed that a
nominal fraction would be 2 Gray in 7.5 litres (or equivalent combination) delivered by
120 extractions in 2.5 minutes.
Within the framework of the PIMMS, the objective of this thesis is the optimisation
of the slow extraction and the optical design of a synchrotron that meets the stringent
requirements of a medical machine.
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BASIC ACCELERATOR PHYSICS
The guiding and focusing of a charged particle beam in a circular accelerator rely on a
series of magnetic elements, separated by field-free drift spaces, that form the accelerator
lattice.  The design of the lattice is one of the first tasks for the accelerator designer.  One
normally starts with a simplified structure, containing only ideal magnetic dipoles and
quadrupoles.  This basic structure is referred to as the linear lattice and once it has been
determined the character of the machine is more or less fixed.  In a separated function
synchrotron, dipole magnets bend the particles onto circular trajectories and quadrupole
magnets are needed for the focusing of particles with small deviations compared to the
ideal trajectory.  The equilibrium orbit can be defined as the orbit of a particle with the
design momentum p0 that closes upon itself after one turn and is stable.  The motion of a
particle in an accelerator is then conveniently described by the deviations of its trajectory
with respect to this equilibrium orbit.
1.1 Coordinate system
Generally in a synchrotron, there is bending in only one plane referred to as the horizontal
plane which contains the equilibrium orbit.  For a description of particle motion a right-
handed curvilinear coordinate system (x, s, z) following the equilibrium orbit is used.  The
azimuthal coordinate s is directed along the tangent of the orbit.  The radial transverse
direction x is defined as normal to the orbit in the horizontal plane and the vertical
transverse direction is given by the cross product of the unit vectors xˆ  and sˆ .  The
vectors sˆ  and zˆ  then define the vertical plane.  The local radius of curvature U0 and the
bending angle s/U are defined as positive for anticlockwise rotation when viewed from
positive z.  The choice of the coordinate system is shown in Figure 1.1.



















For this study, the magnetic elements are considered as purely transverse, two-
dimensional fields in the curvilinear coordinate system that follows the equilibrium orbit.  It
is assumed that each element can be decomposed into a harmonic series that extends only
as far as the sextupole component and that each element can be represented by a ‘block’ of
field that is discontinuous in the axial direction.  This is the so-called hard-edge
approximation.  For a final design, end-field corrections will have to be applied to improve
the accuracy of the hard-edged model.
The equilibrium orbit corresponds to a particle with the nominal momentum and
starting conditions.  Particles of the same momentum, but with small spatial deviations will
oscillate about this orbit.  The equilibrium orbit is variously known as the central orbit, the
reference orbit and the closed orbit.  In the hard-edged model, this orbit is a series of
straight lines connecting circular arcs of cyclotron motion (see Figure 1.2).
Figure 1.2.  Cyclotron motion for a particle of mass Amav with charge ne.
The force experienced by a charged particle, moving in a magnetic field is given by the
Lorenz equation as




where v is the particle velocity, q its charge and B the magnetic field.  Since the Lorenz
force always acts perpendicular to the particle velocity, only the direction of movement
changes while the magnitude of the velocity is constant. The nominal trajectory in a
circular accelerator is defined by the main bending magnets which provide a dipolar field,
zB ˆ0B . (1.2)








where A is the atomic mass number, mav is the average relativistic mass per nucleon, n is
the charge state of the particle, e is the elementary charge, and U is the radius of the
cyclotron motion.  The reluctance of the particle to be deviated is characterised by BU
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The application of a sign convention for the magnetic rigidity is usually avoided and an
‘engineering’ formula is quoted in which the momentum is always taken as positive.










where pav is the average momentum per nucleon.  From (1.4) it can be seen that the higher
the particle momentum, the higher the magnetic field needed to keep the particle on the
nominal trajectory.  Therefore, the magnetic fields in an accelerator have to be
continuously adjusted, according to the actual particle momentum during acceleration.  In
order to avoid the momentum dependency when characterising magnetic elements in an
accelerator, the fields are normalised w.r.t. the magnetic rigidity (particle momentum).  For
a dipole magnet the normalised bending strength h, is given by
U
1
 h . (1.5)
The absolute field level required to keep a particle with a certain momentum on the
nominal trajectory is then simply found by multiplying (1.5) with the magnetic rigidity
(1.4).
The equilibrium orbit in a synchrotron is defined by the main dipole magnets.  In
general particle trajectories will deviate slightly from this ideal design orbit.  To maintain
stability about the design orbit, focusing forces are needed.  These are provided by
quadrupole magnets.  A quadrupole magnet (see also Section 6.4) has four poles with a
hyperbolic contour and the magnetic field in the current-free region of the magnet gap can
be derived from a scalar potential [3],
zxGzx  ) ),( , (1.6)











BG z . (1.7)
The equipotential lines are the hyperbolae x·z = const and the field lines are perpendicular
to them.  The horizontal and vertical magnetic fields in a quadrupole magnet are linear in
the deviation from the magnet centre:
xGBzGB zx   and . (1.8)
The transverse forces acting on a particle with a deviation (x,z) from the equilibrium orbit
are obtained with (1.1) as
qvGxzxqvBF zx   ),( (1.9)
and
qvGzzxqvBF xz   ),( . (1.10)
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Depending on the sign of G, the force will be focusing in the horizontal direction and
defocusing in the vertical direction or vice versa.  A quadrupole that focuses horizontally
(G < 0), is called a focusing quadrupole and a quadrupole that defocuses horizontally
(G > 0), is called a defocusing quadrupole.  By alternating focusing and defocusing
quadrupoles an overall focusing effect can be obtained in both the horizontal and the
vertical plane (alternating gradient focusing).
An important property of a quadrupole magnet is that the horizontal force depends
only on the horizontal and not on the vertical position of the particle trajectory.  Similarly,
the vertical component of the Lorentz force depends only on the vertical position.  The
consequence is that in a linear machine, containing only dipolar and quadrupolar fields, the
horizontal and vertical motions are completely uncoupled.
In analogy to the normalised bending strength of a dipole magnet (1.5), the
quadrupole gradient can be normalised w.r.t. the magnetic rigidity, thus defining the
normalised quadrupole strength,
UB
Gk  . (1.11)
1.3 Transverse optics
When analysing the transverse motion in an accelerator, it is practical to use the distance s













  . (1.12)
It is usual to consider only dipole and quadrupole fields (linear lattice), which leads to
uncoupled motions in the two transverse planes.  The equations of motion are obtained
from (1.1) while retaining only first order terms in the transverse coordinates [4].  The
horizontal and vertical motions can be represented by one simple expression valid for both
planes,
0)()()(  cc sysKsy  (1.13)
where, for the horizontal motion,
           )()()()(and 2 skshsKsKxy x   { (1.14)
and, for the vertical motion,
)()()(and sksKsKzy z   { . (1.15)
For the hard-edged model, the focusing function Ky(s) is piecewise constant along the
trajectory and for a circular machine, it has the periodicity of the lattice,
)()( sKLsK yy   , (1.16)
where the accelerator is composed of N identical sections or cells, with C = N·L and C
being the circumference of the machine.
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The motion of mono-energetic particles about their equilibrium orbit is known as the
betatron motion and it is usual to parameterise the motion so that its pseudo-harmonic
behaviour is brought into evidence.  The first stage is to express the motion in a form
developed by Courant and Snyder [5],
















where y(s) represents either transverse coordinate as a function of the distance s along the
equilibrium orbit, A and B are constants depending on the starting conditions, E(s) is the
betatron amplitude function (dimension length) and V is the integration variable



























 s . (1.20)
The expressions (1.17)-(1.20) all depend on a knowledge of E(s).  Although the analytic
solution for E(s) is more complicated than the original motion equation, it is reasonably
easy to evaluate this function numerically and to tabulate it for any lattice.  The parameters
D(s), E(s) and J(s) are collectively known as the Courant and Snyder parameters, or more
usually the Twiss parameters.  The above parameterisation is now so commonplace that it
is the starting point for nearly all lattice design.
The pseudo-harmonic motion can be further transformed into a simple harmonic
motion by returning to equation (1.17), introducing P and differentiating, to obtain,
 BAsy  PE cos)( (1.21)






The phase terms can be extracted and used to define new coordinates Y(P) and Yc(P) that
are known as normalised coordinates,




cos syBAY   (1.23)
       
E
D
EPP sysyBAY c  c sin . (1.24)
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It is useful to represent real-space coordinates by lower case symbols and normalised
coordinates by upper case symbols (x o X, etc.).  Normalised coordinates use the phase
advance as independent variable and real-space coordinates use the distance.  The
transformations between the two systems are conveniently expressed in matrix form as,








































































The elimination of the phase advance from equations (1.23) and (1.24) yields an
invariant of the motion,
)constant(2 22222  cc c yyyyYYA EDJ . (1.27)
Equation (1.27) is in fact the equation of an ellipse in (y, yc) phase space.  The constant A2
equals the (area/S) of the ellipse described by the betatron motion in either the normalised
(Y , Yc) or the real (y , yc) phase spaces (see Figure 1.3).  When referring to a single
particle, this area is sometimes called the single-particle emittance.  When referring to a
beam it is known as the emittance.  The situation with a beam is complicated by the
definition used for deciding the limiting ellipse that defines the area.  This may be related to
a number of standard deviations of the beam distribution, or the overall maximum.  It is
useful to note that the emittances in real and normalised phase spaces are equal and to re-
express (1.27) as,











yYyE     ˆandˆˆˆ 22 , (1.28)
where yˆ  and Yˆ  are the maximum excursions in real and normalised phase spaces that









Figure 1.3.  Phase-space ellipses in real and normalised phase spaces.
(EyEy/S) = yˆ
(EyJy/S)
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It should be noted that during acceleration the emittance decreases and therefore the phase
space density changes.  This is not against Liouville’s theorem, but due to the definition of
the transverse phase space.  The yc-coordinate, describing the divergence of a particle with












is not a generalised momentum as defined in classical mechanics.  As long as the
momentum is constant, the difference is just a scaling factor but during acceleration this
factor changes and so does the emittance.  The physical reason is the increase of the
longitudinal momentum during acceleration, whereas the transverse momentum is
constant.  Therefore the divergence vy/v decreases and the beam shrinks, which is known
as adiabatic damping.  Normalising the emittance w.r.t. the particle momentum gives a
constant of the motion, the so called normalised emittance,
yyn EE relrel, JE , (1.30)
where Erel and Jrel are the relativistic parameters.
1.4 Transfer matrix formalism
Another basic expression that is needed for the present study is the general transfer
matrix.  This can be derived by expanding (1.21) into two terms,
  PEPE sincos BAsy  (1.31)
where A and B are new constants.  Differentiation of (1.31) with respect to s gives,




sincossincos  c BAsy . (1.32)










yyByA c  , (1.33)
to give the general transfer matrix from position s1 to position s2.  The phase advance from
s1 to s2 is written as 'P,
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When equation (1.35) is applied to a full turn in a ring, the input conditions equal the


















 turn1M , (1.36)
where Q is known as the betatron tune and is equal to the number of transverse
oscillations the particle makes during one turn in the machine.  Expression (1.36) describes
the evolution of the phase-space coordinates of a particle at a certain position in the
machine.  A plot of the coordinates for a large number of turns gives a phase-space
trajectory.  In a linear machine phase-space trajectories are always of elliptical shape; the
orientation of the ellipses at any position s in the machine is determined by the local Twiss
parameters and the beam size is found with the emittance according to Figure 1.3.
The general transfer matrix for normalised coordinates is simply a 2x2 rotation















sincos)( 21N ssM . (1.37)
















 turnN,1M . (1.38)
The 2x2 transfer matrix formalism is commonly known as Twiss-matrix formalism.
1.5 Off-momentum particles and dispersion function






























where D(s) is known as the dispersion function and Gp/p = (ppart. - p0)/p0 is the relative
momentum deviation of the particle.  The dispersion is created by the momentum
dependency of the bending radius in dipole magnets and appears therefore only in the plane
of bending (generally the horizontal plane).  The equilibrium orbit for an off-momentum
particle is to first order displaced from the central orbit by the product of the dispersion






c c EQ.OEQ.O and . (1.40)
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An analytic derivation of the dispersion function is given in [5], but it is again common
practice to rely on lattice programs to supply numerical listings of D(s) and its derivative
with distance, as for the betatron amplitude function.  The momentum deviation Gp/p is
treated as a quasi-variable and particles are transferred through the lattice with 3u3
















































where m11, m12, m21 and m22 are the coefficients of the general transfer matrix (1.34) and
m13, m23 are additional dispersion coefficients (see Section 3.10).  The dispersion vector in
the form (D, Dc, Gp/p=1) also propagates through the lattice according to (1.41).







































It should be mentioned that (1.41) is strictly applicable to only small values of Gp/p
and to linear lattices.  For trajectories with more than a few per mil momentum deviation,
or for trajectories that pass through non-linear magnetic lenses, it is advisable to perform a
numerical tracking if the orbit position is required to a high precision.  Exactly this
situation arises when calculating the position and angle of the separatrices for a resonant
extraction [6] and it is useful to be able to incorporate the more exact tracking method into
the general transfer matrix as,


















1 EQ,221 EQ,212 EQ,2221




where yEQ and ycEQ are the position and angle of the tracked off-momentum equilibrium
orbit.




THEORY OF THE THIRD-INTEGER RESONANCE
The third-integer resonance can be used to extract particles from a synchrotron during a
large number of turns [9].  In this case, the slowly extracted beam is known as the spill.  In
a medical machine, it is essential to extend the extraction time (spill time) to about one
second (~106 turns), in order to facilitate the measurement of the radiation dose delivered
to the patient.  This is done by making particles of the circulating beam unstable in a
controlled way.  For this, the betatron tune in the extraction plane (in general the
horizontal plane is used) has to be close to the resonance condition, 3Qh = integer.  The
resonance is excited by sextupole magnets.
2.1 Sextupole magnets
In the current-free region of a magnet gap, the field can always be derived from a scalar
potential ).  Assuming that the magnetic field has only transverse components, the scalar









m )Im()Re( izxBizxA  ) . (2.1)











The transverse fields in a normal sextupole magnet (m = 3) are then found to be
 B x z B xzx ,  6 3         B x z B x zz 3, ( )  3 2 2 . (2.3)
The relationship between the coefficient B3 and the magnetic field is found by comparing
(2.3) to the Taylor expansion of the magnetic field in the horizontal plane,
















































The vertical and horizontal fields in a sextupole can then be written as
 B B
x
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The effect of a sextupole on a particle trajectory can be described in a simple way by
considering the magnet as a thin lens.  The integrated magnetic field seen by the particle is
given by the product of the magnet length "S and the field at the average transverse particle
position.  As the lens is considered to be infinitely thin, the particle position remains
unchanged during the passage, i.e. 'x = 'z = 0.  The sextupole gives a kick to the particle
that changes the direction of the trajectory.  With the magnetic rigidity |BU| of the particle
the thin-lens kicks given by the sextupole are



















































where kc is the normalised sextupole gradient.
2.1.1 Sign conventions for sextupole magnets
To define a sign convention for sextupole magnets, the trajectory of a particle in the
horizontal plane (i.e. z = 0) is considered.  Figure 2.1 illustrates the sign convention and
shows the corresponding magnet geometry.
x If the sextupole focuses for positive x, then it can be said to be an F-sextupole.
x If the sextupole defocuses for positive x, then it can be said to be a D-sextupole.



























D-Sextupole (Bz positive, kc positive)
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2.1.2 Normalised sextupole strength
In order to describe the effect of a thin-lens sextupole in normalised coordinates, the kick
introduced by the sextupole and the particle position have to be expressed in terms of
normalised coordinates.  From the above, the effect of a thin lens sextupole in real space is




























Many problems are simplified by a transformation into normalised coordinates that
converts the basic betatron motion into a simple harmonic motion.  The normalisation





































































yN,M .   (2.10)
When applied to (2.9) the relations between normalised and unnormalised coordinates are
found to be,




          x Xx E          z Zz E . (2.11)
Thus the effect of the sextupole in normalised coordinates appears as,



















































































The expressions describing the effect of the thin-lens sextupole on the vertical trajectory
are obtained in the same way as












































From the above expressions, it can be seen that a sextupole couples the horizontal and
vertical motion of a particle.  The strength of the coupling is proportional to the ratio of
the vertical and horizontal beta functions (Ez/Ex) at the position of the sextupole.  For a
horizontal extraction, Z is generally smaller than X and, provided the vertical tune does not
satisfy a resonance condition, the influence of the vertical motion can be neglected to first
order.  For this reason only the horizontal motion is considered in the following analysis.
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2.2 Basic theory for third-integer resonance
A simple method that gives an immediate insight into the physics of resonant extraction
was developed by Kobayashi [10,11].  The method describes the effect of the sextupole as
a perturbation to the linear machine.
The general transfer matrix Mk for normalised coordinates, describing k turns in the
















Assuming a particle with a horizontal betatron tune close to a third-integer,
Qh = n r 1/3 + GQ,  (n is integer, |GQ|<<1/3), where GQ is defined as the tune distance of
the particle from the resonance,
GQ Q Qparticle resonance  , (2.16)
the explicit transfer matrices for one, two and three turns in the unperturbed machine can
be written as:
  
 > @  > @
 > @  > @
M1
2 1 3 2 1 3
2 1 3 2 1 3
1 2 3 2
3 2 1 2 
r  r 
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> @
 > @  > @
M2
4 1 3 4 1 3
4 1 3 4 1 3
1 2 3 2
3 2 1 2 
r  r 


















cos / sin /
sin / cos /
/ /
/ /
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n Q n Q
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> @  > @
 > @  > @
M3
6 1 3 6 1 3
6 1 3 6 1 3
1 6
6 1 
r  r 

















cos / sin /
sin / cos /
S G S G
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SG
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n Q n Q
n Q n Q
Q
Q . (2.19)
For the following calculations, the tune distance GQ is kept only in the transfer matrix for
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By defining the small quantity H = 6SGQ, which will be referred to as the modified tune
distance, it can be seen that a particle with exactly resonant tune (i.e. H = 0) will return to
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The effect of the sextupole during three turns in the machine is now calculated as a
perturbation by linearly adding:
(A) The effect of 3 turns with a sextupole placed after the 3rd turn,
M Sextupole3 
(B) the effect of 3 turns with a sextupole placed after the 2nd turn, 
M Sextupole M2 1 
(C)  the effect of 3 turns with a sextupole placed after the 1st turn. 
M Sextupole M1 2 




Figure 2.2.  Perturbative treatment of the sextupolar effect during three turns.
With the effect of the sextupole as derived earlier,
'X  0           ' c  X SX 2 , (2.23)
the calculation of the three terms gives:










(B)  2 turns + sextupole+1 turn
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 (C)  1 turn + sextupole+2 turns
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Subtracting the initial coordinates (X0, Xc0) and adding the three terms (A), (B) and (C)
while keeping only first-order correction terms in H gives
'
'
X X S X X S X X
X X SX S X X S X X
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Finally, the following expressions for the change of position and divergence of the particle
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X X S X X
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The time needed for three revolutions in the machine is short compared to the spill time
and can be safely used as the basic time unit.  The elementary changes occurring in this
time are also the smallest that need to be resolved to understand the physics of the
extraction.  Thus the subscripts are no longer needed and (2.29) can be treated as a


















































The Hamiltonian is then found by integrating the above partial differentials,
   H   c  c H2 4 3
2 2 2 3X X S XX X . (2.31)
It should be noted that in this formulation time is dimensionless.
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2.3.1 Properties of  the Hamiltonian
The Hamiltonian is time independent and therefore a constant of the motion.  The plot of
this function, for constant values of H, creates maps of particle trajectories in normalised
phase space at the sextupole.  The above Hamiltonian consists of two parts.  The term
 H2
2 2X X c (2.32)
describes particle motion in the linear, unperturbed machine (i.e. S = 0).  These trajectories
are circles with the radius (2H/H) in normalised phase space.  The perturbation term
 S XX X4 3
2 3
c  (2.33)
is  proportional to the sextupole strength and distorts the circles.  The resulting trajectories
are symmetric with respect to the X-axis since Xc appears only in a quadratic form.
A change in sign of either the modified tune distance H or the normalised sextupole
strength S is equivalent to a rotation of the phase-space trajectories by 180º as illustrated
in Figure 2.3.
All the properties of the system can be derived from the Hamiltonian.  In particular,
when H has the value [(2H/3)3/S2], it factorises into three straight lines,




























These three lines are referred to as the separatrices that define the boundaries between
stable and unstable regions in phase space.  The size of the stable region is determined by
the ratio |H/S|.  For a particle that has exactly the resonance tune, there are no stable
trajectories.  Figure 2.4 shows phase-space maps at the sextupole illustrating the
dependency of the stable region on the particle tune, represented by H.






Norm. phase space   H/S0 > 0
X’
X
     






Norm. phase space    H/S0 < 0
X’
X
Figure 2.3.  Particle trajectories at the sextupole.
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Norm. phase space   H = 0;   S0
X’
X
     






Norm. phase space   0.5(H/S0) > 0
X’
X
Figure 2.4.  Particle trajectories at the sextupole.
2.3.2 Stable triangle geometry
The Hamiltonian yields the equations of the three separatrices from (2.34) that divide up
the phase space and hence the geometry of the phase space as shown in Figure 2.5.









































Figure 2.5.  Geometry of separatrices and stable triangle for a third-integer resonance.
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The phase-space map for a third-integer resonance contains four fixed points.  The three
unstable fixed points are the crossing points of the separatrices, the stable fixed point P0 is





































The geometry of the stable triangle is conveniently described by introducing the distance h







x For a positive value of h, the upright separatrix corresponds to a negative value of X.
x From the equations of the separatrices and the coordinates of the fixed points it can be
seen that a change in sign of h (i.e. either H or S changes sign) is equivalent to a 180q
rotation of the stable triangle around the origin.
x The area of the stable triangle is given by:
 Area of triangle Stable emittance =  3 3 48 32 2
2h
S
QS G S (2.39)
The trajectory of a particle in normalised phase space in the unperturbed machine (i.e. S=0)
is a circle.  The area of this circle is the so called single particle emittance.  When the
sextupole is raised to the nominal strength in an adiabatic way (i.e. during a number of
turns much larger than the time unit of three turns), a particle with a certain GQ will remain
stable if its emittance in the unperturbed machine was not bigger than the area of the stable
triangle calculated for the nominal sextupole strength.  Therefore the area of the stable
triangle is sometimes referred to as the stable emittance.
2.4 Transverse particle dynamics
Up to now, only the time-independent geometry of the phase space for a third-integer
resonance has been considered, but it is also necessary to analyse the dynamic aspects and
to describe particle movement in phase space.
2.4.1 Movement on a separatrix
The change of the particle coordinates within three turns in the machine is derived from the
Hamiltonian:
 


















 c  c
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All separatrices are essentially equal (see Section 2.6) and there is no loss in generality if








into (2.40), the phase-space velocity for particles moving on the separatrix is obtained as,






   and   'X  0 . (2.42)
It can be seen that there are two contributions to the phase-space velocity in (2.42); the
constant term H2/S and the parabolic term dependent on the square of Xc. The contributions
of the two terms are of opposite sign summing to zero at the fixed points P2 and P3.  The
velocity therefore changes sign when crossing a fixed point.  This means that one fixed
point acts as an attracting pole with particles on either side moving towards it, while it is
the contrary for the other.  Thus the separatrix is divided into three sections: the incoming
section, the side of the stable triangle and the outgoing section. This is shown
schematically in Figure 2.6, the arrows indicate the direction of particle movement.
Figure 2.6. Particle movement on a separatrix
The separatrices divide the phase space into stable and unstable regions.  Trajectories
within the stable triangle are closed and correspond to stable particles whereas trajectories
outside are not closed and belong to unstable particles.  However, the movement of a
particle on any phase-space trajectory follows the same direction as the movement on the
closest separatrix.
Particle movement on stable trajectories in the sense of clockwise or anticlockwise
rotation is determined only by the sign of the modified tune distance H and is independent
of the sign of the sextupole strength S.  This follows immediately from (2.41) and (2.42) as
a change of the sign of S reverses the velocity on the separatrix but at the same time
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2.4.2 Phase space maps at the sextupole
The geometry of the phase-space map for a third-integer resonance is determined by the
normalised sextupole strength S and the modified tune distance H of the particles.
Figure 2.7 summarises the possible geometry of the separatrices at the sextupole, the
arrows indicate the direction of particle movement.
x The size of the stable triangle is proportional toHS .
x The orientation of the stable triangle at the sextupole is determined by the sign of H/S.
A positive value corresponds to Figure 2.7 (a),(d), with the upright separatrix at a
negative value of X.  Changing the sign rotates the phase-space map by 180q.
x The sign of H determines absolutely the direction of rotation in phase space within the
stable triangle.  A positive value means that the operational tune is above resonance
and particles within the stable triangle will perform a clockwise rotation.
x Finally, the direction of the outgoing section of the upright separatrix is always
downwards for positive values of S and upwards for negative values.









H = 6SGQ > 0
tune above resonance
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2.5 General first-order Hamiltonian
In the Kobayashi theory as derived above, it is assumed that the equilibrium orbit is
coincident with the centre of the sextupole.  However, the equilibrium orbit of particles
with a momentum deviation compared to the design momentum of the accelerator is
displaced to first order from the origin by the product of the relative momentum deviation
(Gp/p) and the dispersion function (D,Dc) in the machine.  In normalised coordinates, the




 EQ.O            p
pDX n
G
c cEQ.O . (2.43)
where (Dn, Dcn) is the normalised dispersion function.  When going round the machine,
particles will perform betatron oscillations around the orbit defined by the dispersion
function.  For the derivation of a general Hamiltonian including the effect of an off-centred
equilibrium orbit at the sextupole, it is convenient to introduce a second coordinate system
(XE, XcE) with its origin on the off-centred orbit.  The particle coordinates are then split




Figure 2.8.  Coordinates of the betatron motion.
The general Hamiltonian is derived following exactly the mathematics of the Kobayashi
theory.  Particle motion in the unperturbed machine is, as before, described by transfer


























The main difference appears when calculating the kick of the sextupole on the off-centred
equilibrium orbit:
Sextupole in dispersion-free region:      ' 'X X SXE E E c  0
2 (2.47)
Sextupole in dispersion region:             ' 'X X SX S X D p
pnE E E
G
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This yields the more general Hamiltonian:








E E E E E E E2 4
3 3
2
2 2 2 3 2 2X X S X X X S D p
p
X Xn (2.49)
It can be seen that the dispersion-dependent term affects (apart from the shift of origin)
only the circular part of the trajectories.  Reordering (2.49) shows that this can be
considered as a change in tune of the particle.

















32 2 2 3H G E E E E ES D
p
p
X X S X X Xn (2.50)






Assuming that the dispersion-dependent term is of the same form leads to the following
expression for an additional change in tune,
G
S












The above expression contains the normalised sextupole strength and dispersion.


































































By introducing the chromaticity Qc as the linear change of the betatron tune with



















which corresponds exactly to the well-known linear form for the tune shift introduced by a
sextupole.  Although the above derivation is restricted to the region in tune close to the
third-order resonance the result is in fact generally valid and the ‘tilde’ on the tune can be
omitted.
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From the above theory it can be deduced immediately that the resonance sextupole is best
positioned in a dispersion-free region, otherwise any change of the sextupole strength will
also alter the tune distance of the particles and therefore the extraction phase space.
The general Hamiltonian describes the physics of a third-integer resonance to first
order correctly without any further restrictions on sextupole locations or particle momenta.
Comparing (2.50) with the Kobayashi Hamiltonian (2.31) shows that both expressions are
of the same qualitative shape although they are defined in different coordinate systems.
This means that the considerations about phase-space geometry and dynamics derived in
the previous sections can be adopted by simply substituting








¸6 6 3Q Q SD p
pn
(2.56)




          (2.57)
c o c  cX X D p
pn
G (2.58)
in all the relevant expressions.  Equation (2.56) represents the chromatic effect of the
sextupole, (2.57) and (2.58) are the coordinate transformations from the system (XE, XcE)
back to the reference system with its origin at the sextupole centre.
The general expressions for the separatrices are given below.  Figure 2.9 shows the




                                                                    
Figure 2.9.  Geometry of the separatrices at the sextupole for an off-momentum beam.
Finally the change of the phase-space map when the sextupole is located in a non-zero-
dispersion region can be summarised:
x All phase-space trajectories are shifted by the offset of the equilibrium orbit.
x The size of the stable triangle is changed due to the tune change caused by the
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Figure 2.10 shows phase-space maps for an off-momentum particle (Gp/p > 0) with a
modified tune distance H0 in the unperturbed machine.  To illustrate the effect of the
dispersion, the sextupole position is changed from a zero dispersion region to a region
with finite dispersion while keeping the normalised sextupole strength S0 constant.
Figure 2.10.  Change of phase-space map for off-momentum beam due to dispersion at the sextupole.
2.5.1 Closed-orbit distortions
In a real machine, it has to be expected that there is a distortion of the equilibrium orbit
due to magnet imperfections and misalignments.  This will give an effect similar to the one
caused by a finite dispersion function.  The fundamental difference is that the closed orbit
distortion will be to first order independent of the particle momentum.  It is straight
forward to also include orbit distortions at the sextupole in the Hamiltonian. The
coordinates of the particle at the sextupole can be split into three parts:
x Contribution of the dispersion function
x Closed orbit distortion at the sextupole
x Betatron oscillation of the particle
The Hamiltonian is derived following exactly the same scheme as above:























' H . (2.62)
The geometry and dynamics of the phase-space can be analysed as in the previous section.
The shift of phase-space trajectories consists of the momentum-dependent dispersion part
and the constant offset given by the closed orbit distortion.  The chromatic term shows the
same dependency.  The total change in tune will be:

























norm. phase space    H/S > 0    Dn = Dn’ = 0
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norm. phase space   H0/S0 > 0   D n = D’n < 0
X’
X
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2.6 Phase-space maps along the machine
To draw the phase-space map at any position s in the machine, it is sufficient to describe
the evolution of the separatrices around the machine.  All the relevant physics of the slow
extraction process can be obtained from this.  The following considerations are based on
the general Hamiltonian (2.50), derived earlier.  It is assumed that there is only one
sextupole , defining the reference position (betatron-phase P = 0) in the machine.
2.6.1 General description of  separatrices
The description of particle motion in the linear machine (outside the sextupole) is done by
using the coordinate systems introduced in Figure 2.8.  There are two contributions to the
evolution of the separatrices and the stable triangle when tracking around the machine.
x The momentum-dependent equilibrium orbit describes the centre of the stable triangle
at any position s in the machine









x The phase advance 'P from the sextupole to a position s determines the orientation of
the stable triangle, in fact the separatrices are simply rotated clockwise around the
equilibrium orbit by 'P.  This behaviour is implied by the transfer matrix, describing
the betatron motion in normalised phase space, which has the form of a rotation
matrix,
   



















The size of the stable triangle is determined absolutely by the normalised sextupole
strength S and the modified tune distance H (including chromatic effects) and remains















 Figure 2.11.  Normalised phase-space maps separated by 'P = 90°.
                                               

 This is not a restriction on the generality of the theory at the level of approximation being used.  It will be shown later that from the
standpoint of resonance excitation (described on a time scale of 3 turns) many sextupoles can be replaced by a single virtual sextupole.
phase advance 'P  = 90°
clockwise rotation by 90°
Normalised phase space
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From the considerations above, it follows that a general description of the separatrices has
to contain the dispersion function Dn(s) and the phase advance from the sextupole 'P(s) as
parameters.  However, the earlier derived expressions (2.59)-(2.61), describing the
separatrices at the sextupole, contain only the dispersion function.  The constant dispersion
function at the sextupole can be simply replaced by Dn(s).  The dependency on the
betatron phase advance is implemented via geometrical considerations.  A standard form
for the description of a straight line is shown in Figure 2.12.
(2.66)
Figure 2.12.  Perpendicular form of a straight line.
Rewriting the expressions of the separatrices in the form of (2.66) gives exactly the
required angular dependency.  With h being the distance from the side of the stable triangle
to its centre, the equations of the separatrix will have the form:



























By inspection of Figure 2.11.(a), the values for D at the sextupole are:
(A) D = 180° anticlockwise
(B) D = 300° anticlockwise
(C) D = 420° anticlockwise
The separatrices rotate clockwise with the betatron phase advance measured from the
sextupole.  Thus, the effective angle at an element with a phase advance 'P from the
sextupole will be (D'P). For convenience, it is easier to think in terms of 'P appearing
as a positive term, which gives:
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'cos sinP P (2.68)
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'cos sinP P120 120 (2.69)
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'cos sinP P120 120 (2.70)
Equations (2.68)-(2.70) describe the separatrices and therefore the stable triangle at any
position s with a phase advance 'P from the sextupole.
It was mentioned earlier that all the separatrices are essentially equal, which is
obvious now by inserting the phase advance for one turn, 'Pturn # 2Sn/3 = ±120° mod
360°, in the above equations.  This means that a particle will appear to jump from one




x y hcos sinD D  
The angle D is measured anticlockwise
from the x-axis to the perpendicular h.
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2.7 Resonance excitation by sextupoles
The theory derived so far shows how a single sextupole magnet excites the third-integer
resonance.  In general, in a real machine there will be several sextupole magnets (e.g. for
the correction of chromaticity).  Apart from these magnets there will also be some
unwanted sextupole field components introduced mainly by the end fields of the main
dipole magnets.  The common effect of all these sextupole fields on the resonance is





































 ³ . (2.71)
The integral is made around the full machine circumference and includes all sextupole
fields.  For short sextupoles, the above can be rewritten as a sum, using the normalised













An equivalent sextupole can be found by evaluating the above driving term and equating to
a single ‘virtual’ sextupole.
   S S
n
virt x,virt n x,niexp i exp3 3P P ¦ . (2.73)
By separating real and imaginary parts,
   S Svirt x,virt n
n
x,ncos cos3 3P P ¦              S Svirt x,virt n
n
x,nsin sin3 3P P ¦ , (2.74)

























and the equivalent sextupole strength is given by


















¸¦ ¦cos sinP P . (2.76)
The virtual sextupole describes the resonance excitation of all sextupole fields in the
machine.  The stable triangle will have its characteristic shape with one upright separatrix
at the position with the betatron phase Pvirt of the virtual sextupole.  The orientation of the
separatrices at an element with a betatron phase P
 
can now be evaluated by inserting
'P
 = (P - Pvirt) into equations (2.68)-(2.70).
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However, the size of the stable triangle depends on two parameters:
x The strength of the sextupoles driving the resonance which is represented by Svirt.
x The modified tune distance H of the particles given by the initial value H0 in the linear
machine (without sextupoles) and the chromatic effects of all the sextupoles.
For the determination of the size of the stable triangle it is therefore necessary to evaluate,
separately from the driving term, the chromatic effect of all the sextupoles in dispersion
regions which is done in Section 2.8 below.
2.7.1 Combination of  sextupoles
In a series of an even number of sextupoles with identical normalised strength, S0, it can be
seen from (2.76) that a separation in phase of 'P = S/3 leads to cancellation of the
resonance driving term,
  ^ `  














Similarly, a phase separation of 'P = 2S/3 leads to a reinforcement of the driving term,
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2.8 Chromatic effects of sextupoles
The chromatic effect of a thin-lens sextupole was derived earlier (2.53), (2.55).  In general
the effect of sextupoles (in a region of finite dispersion) on the horizontal and vertical

















































For short sextupoles, using the thin-lens approximation, the above can be rewritten as











Expressions (2.80) and (2.81) describe the chromatic effect of all sextupoles in the





SHH c' 60 . (2.82)
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Finally, the concepts for the description of the phase space of a third-integer resonance,
derived earlier for a single sextupole magnet, can now be generalised for any sextupole
distribution in the machine by using:
x Expression (2.82) for the modified tune distance of the particles.
x The virtual sextupole strength (2.76) as normalised sextupole strength.
x The phase of the virtual sextupole (2.75) as the reference position.
2.8.1 Schemes for chromaticity correction
Chromatic effects in accelerators are caused by the momentum dependency of the focal
properties of lattice elements.  Sextupole magnets, placed in dispersion regions, are used
to correct such effects and to adjust the chromaticity of the machine, e.g. to ensure the
transverse stability of the beam [13], or to meet the Hardt-condition [14] for resonant
extraction (see Section 3.8).
For an independent adjustment of the horizontal and vertical chromaticities at least
two magnets are needed.  It can be seen from (2.80) that 'Qcx and 'Qcz are of opposite
signs and therefore focusing (kcSF) and defocusing (kcSD) sextupoles, as defined in Section
2.1, are used.  In general, chromaticity correction is done not with one F- and one D-
sextupole, but with groups consisting of several magnets, each group powered by a single
power converter.  Such sets of magnets with identical fields form so called magnet
families.  A simple scheme for chromaticity control is given below.
Consider two sextupole families, one focusing with strength kcSF, the other one
defocusing with kcSD.  Assuming that all the magnets are of the same length and using the
thin-lens approximation, gives two expressions for the change of the chromaticities,

































E E , (2.84)
with NF and ND being the numbers of magnets within the focusing and defocusing
families.  To get some degree of orthogonality for the correction, the positions of the
F-sextupoles should be in ‘large Ex -small Ez’ regions and the D-sextupoles should be in
‘small Ex -large Ez’ regions.  The unwanted effect of a chromaticity correction is that in
general the resonance driving term will also be changed.
It should be noted that spacing the chromaticity sextupoles at intervals of 600 in
betatron phase as shown in (2.77), is not sufficient for a cancellation of the resonance
driving term.  It can be seen that (2.83) and (2.84) contain the normalised sextupole
gradient kc, but for a cancellation the normalised sextupole strengths have to be identical.
This means it is also essential that the horizontal beta functions are identical at all
sextupole locations.
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2.9 Sextupole families for small machines
Equation (2.71) for the driving term of the third-integer resonance shows that in principle
all sextupole magnets in a machine contribute to the resonance excitation.  Thus, any
correction of the chromaticity affects not only the modified tune distance H for an off-
momentum particle, but at the same time changes the strength of the resonance excitation.
Ideally one would like to have completely independent handles for the control of the
resonance strength and the horizontal and vertical chromaticities, especially in a machine
using a third-integer resonance as these parameters determine the extraction set-up.
In small medical machines, it is not always possible to have several sextupole
families, mainly for the lack of space and for the cost of the additional power supplies.  As
mentioned above there are three parameters to control,
x the resonance excitation represented by Svirt,
x the horizontal chromaticity Qcx,
x the vertical chromaticity Qcz.
Therefore three independent power supplies will be needed and the minimum number of
sextupole magnets will be three.
From (2.80) it can be seen that sextupoles in dispersion-free regions do not change
the chromaticity, for this reason sextupoles that excite or control the resonance are best
placed in a zero dispersion region.
Unfortunately, for the chromaticity sextupoles no similar situation exists, but by
taking advantage of the rather special third-integer tune, an approximate solution that
leaves the resonance excitation unchanged, can be found when the tune is near an even
number (i.e. Qh | nr1/3, with n even).
The scheme is based on a lattice with a periodicity of two, which means the ring can
be split in two halves with identical sequences of magnetic elements.  Due to the
symmetry, the dispersion and beta functions on opposite sides of the ring will be equal.
Consider now two sextupoles placed on opposite sides of the ring.  If the betatron phase at
the first sextupole is taken as the origin, the second sextupole will then be at
Px = QS | (nr1/3)S The effect on the resonance and the chromaticities is now evaluated
with (2.76), (2.83) and (2.84).
Resonance excitation:
     S S S Q S S Qvirt 1 2 1 2 2
2 20 3 0 3   cos cos sin sinS S (2.85)
S S Svirt 1 2 r  (2.86)
Since the tune is very close to (nr1/3)S the sine terms are zero and the cosine terms are
unity.  The upper sign is for n(odd) and the lower sign for n(even).
Chromaticity:
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Because of the equal lattice functions at the sextupoles the relation between normalised
and unnormalised sextupole strength (2.13) can be written as c  k S1 1c  and c  k S2 2c  , with
c = constant.  Now (2.87) can be rewritten as
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From (2.86) and (2.88) it can be seen that for n(even), the excitation of the resonance is
proportional to (S1-S2) whereas (S1+S2) changes the chromaticity.  Consider now a family
of two sextupoles in series on one power converter.  When connected with the same
polarity (i.e. S1 = S2) the sextupoles change only the chromaticities without affecting the
resonance, connecting them with opposite polarity (i.e. S1 = -S2) has the converse effect.




The use of a resonant slow extraction scheme allows the continuous extraction of particles
from a synchrotron during a large number of turns.  Slow extraction is a dynamic process
that can be described by combining the different phase-space properties that characterise
particle behaviour in a synchrotron with a horizontal betatron tune close to a third-integer,
as derived in the previous chapter.  For clarity and simplicity it is assumed that there is
only one sextupole for the resonance excitation, located in a zero-dispersion region. The
chromaticities of the machine and the tunes are therefore independent of the resonance
strength.  It is also assumed that the resonance is positioned in the machine centre, i.e. the
resonance tune (GQ = 0) corresponds to the central orbit momentum (Gp = 0).
3.1 Set-up of the extraction process
First, the linear machine is considered.  During injection and acceleration of particles, the
presence of resonances has to be carefully avoided, as this leads to immediate particle loss.
This is done by adjusting the tune values such that they are sufficiently far from dangerous
resonances and by compensating for non-linear field errors that could drive resonances.  At
the end of the acceleration process the so-called flat top is reached (i.e. the fields in the
main magnets are kept constant).  The resonance sextupole is still switched off and the
particle trajectories are circles in normalised phase space.  The radius of each circle is
determined by the particle position and divergence, (X0, Xc0), and is referred to as
normalised amplitude A, with





The circle area is the so-called single particle emittance,
 SS 20202 XXAE c  . (3.2)
Before starting the extraction process, the circulating beam has to be positioned with
respect to the resonance.  The horizontal tune is moved closer to the resonance by
adjusting the currents in the quadrupole magnets and the resonance sextupole is slowly
raised to the nominal strength S in a quasi-adiabatic way.  As shown earlier, the circular
trajectories are deformed and the phase space is split into stable and unstable regions by
the separatrices that define the stable triangle.  A particle with a certain tune distance GQ
remains stable if its single particle emittance in the unperturbed machine was not larger
than the area of the corresponding stable triangle.  Figure 3.1 shows the trajectory of a
stable particle at the position of the sextupole in normalised phase space.  The particle
starts on a circle and ends on an almost exactly triangular shaped trajectory but remains
stable.
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Figure 3.1. Particle trajectory during adiabatic raise of sextupole, normalised phase space.
3.2 Resonance stopband
The resonance sextupole strength is one of the main parameters for the slow extraction.
For a nominal value of S, the size of the stable triangle for a certain tune distance GQ, is
fixed.  The stability of a particle with GQ depends on its initial amplitude in the unperturbed









AE stablestable d . (3.3)
A particle will be stable if its emittance is smaller than or equal to the area of the stable
triangle.  Therefore the area of the stable triangle is often called stable emittance.
Inverting the inequality in (3.3) and solving with respect to GQ gives the tune interval for
which particles with a certain amplitude will be unstable.  This interval is referred to as the
stopband














The above expressions are best illustrated graphically in the Steinbach diagram as shown in
Figure 3.2.
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Figure 3.2.  Steinbach diagram for third order resonance stopband, amplitude-tune space.
From (3.4) it can be seen that for every tune distance GQ, there is a maximum stable
amplitude A(GQ).  Particles will be unstable if their amplitude is bigger than A(GQ) and
stable if their amplitude is smaller.  There are no stable amplitudes for particles on
resonance, i.e. all particles with GQ = 0 are unstable.  The range of stable amplitudes
increases when the tune is moved away from the resonance.  Replacing the inequality in
(3.4) by an equality yields the equation of the boundary between stable and unstable
regions in Figure 3.2, sometimes referred to as resonance line,
S
QA GS348 . (3.6)
Particles that exactly fulfil (3.6) are on the limit of stability, which means they are moving
on a stable triangle in phase space.
3.3 Overview of extraction methods
The width of the third-integer stopband is symmetric with respect to the resonance,
therefore there is no loss in generality when considering only particles with GQ < 0.  It is
assumed that the particles are stable after the machine has been set to extraction
conditions.  In order to extract particles from the stable region in Figure 3.2, they either
have to be moved into the unstable region or the size of the unstable region has to be
increased.  Inspection of (3.6) shows that this can be done by:
x Widening the stopband by increasing the resonance sextupole strength S.
x Moving the particles into the stopband by changing their tune values.
x Increasing the particle amplitudes until the critical value A(GQ ) is reached.
The different methods are explained in more detail below.
Extraction by changing the resonance strength
For the description of the extraction process two particles with a tune distance GQ0 and
amplitudes A1 and A2 are considered.  Figure 3.3 (a) shows the situation before the start of
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amplitude A(S0) given by (3.6) and their phase space trajectories are deformed circles
inside the stable triangle defined by S0 and GQ0.
Figure 3.3.  Extraction via resonance sextupole change.
When increasing the sextupole strength, the unstable region widens, the critical amplitude
A(S) is decreasing which also means, the size of the corresponding stable triangle
decreases.  Figure 3.3 (b) shows the extraction process at the moment when the critical
amplitude has reached the value of the amplitude A1.  This means the particle is moving on
a stable triangle and will start going outwards on one of the separatrices, finally being
extracted.  Basically, the same applies to the particle with the smaller amplitude A2, but
later on, when the sextupole strength has been further increased.  The main difference is
that this particle will be extracted from a smaller stable triangle.  Inspection of equation
(3.6) shows that zero-amplitude particles, with a finite tune distance, can never be
extracted as this would require an infinite sextupole strength.
Extraction by changing the tune distance
The substantial difference from the above method is that, instead of increasing the
resonance strength, the tune of the particles is slowly moved towards resonance tune.  In
Figure 3.4 (a) both particles are stable, their tune distance is larger than the width of the
resonance stopband.
Figure 3.4.  Extraction via tune change.
It can be seen that every amplitude is linked to a critical tune value at which the particle
becomes unstable.  The smaller the particle’s amplitude, the further away it’s tune from the
corresponding critical tune.  Therefore, when the tune is moved towards the resonance, the
particle with the larger amplitude will be extracted earlier, as indicated in Figure 3.4 (b).
As in the extraction method described above, particles that reach the limit of stability are
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Extraction by increasing the particle amplitude
The third possibility for extraction is to increase the transverse amplitudes of the particles.
The main difference compared to the extraction techniques described earlier is that
particles with the same tune distance will be extracted from stable triangles with equal size,
independent of the initial particle amplitudes.
3.4 Spiral step
After a particle has become unstable, it starts moving on the outgoing part of one of the
separatrices.  In Section 2.6, it was shown that all three separatrices are essentially equal,
they simply exchange their position from turn to turn.  However, when analysing the
extraction process, it is more convenient to consider the separatrices as geometrically fixed
in phase space.  Then, an unstable particle moves out along a separatrix, one turn later it is
on the next and after every third turn it returns to its initial separatrix.  Earlier (2.40), the














By inserting (3.7) into (3.1) the amplitude increase during three turns, for a particle that is
just on resonance (i.e. H = 6SGQ = 0) is obtained as
2
003 4
3 ASAAA   ' . (3.8)
From (3.8) it can be seen that the growth increases rapidly as the particle progresses along
the unstable section of the separatrix.  After a certain number of turns, the particle
amplitude has increased so much, that the particle ‘jumps’ into the electrostatic septum and
is extracted.  Depending on the phase advance from the sextupole, 'PES, the electrostatic
septum is positioned in the outer or inner side of the vacuum chamber.  The phase advance
has to be chosen such that only one separatrix is intercepted by the electrostatic septum.
Figure 3.5 gives a schematic view of the normalised phase space at the resonance
sextupole and the electrostatic septum for a phase advance of 'PES = 225°.








phase advance 'PES = 225°
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The maximum possible amplitude, Alast, of a particle, which is not extracted, can be
calculated from the normalised position of the electrostatic septum, XES, and the angle T





Three turns later the particle will be extracted and by inserting (3.9) into (3.8), the increase

















From (3.10) it can be calculated how far the particle jumps into the septum, the so-called




















-  ' c' . (3.12)
The spiral step and pitch define the size of the extracted beam.  It is important to
note that the slow-extracted beam differs markedly from the circulating beam.  In the plane
of extraction, the phase-space shape (emittance) is a narrow rectangle that corresponds to
the segment of the outgoing separatrix that is cut and deflected by the electrostatic septum.
In the orthogonal plane, the emittance is the same as that of the circulating beam to first
order and of elliptical shape [15].  The unequal emittances of the extracted beam require
special techniques for the design of the beam delivery system towards the patient,
discussed in Chapter 7.
It should be noted that (3.11) and (3.12) are only valid for particles which are
exactly on resonance (GQ = H = 0).  The spiral step and pitch for particles with a finite tune
distance are in  general different and can be evaluated by transforming the coordinates of a
particle, that just misses the electrostatic septum, to the position of the resonance
sextupole and then applying (3.7).
Equation (3.11) gives the maximum distance that a particle can jump into the
septum.  The space on the extraction separatrix from the position of the electrostatic
septum to this point will be filled by particles with different starting conditions, some of the
particles will hit the septum directly and will be lost.  Therefore the extraction efficiency
depends critically on the thickness of the septum.  This is the main reason for the use of an
electrostatic septum, which is in generally built as a wire septum with a wire thickness of
the order of 0.1 mm.  Electrical fields up to 100 kV/cm can be obtained in such septa.  The
drawback is that these fields are often not sufficient to kick the beam directly out of the
machine.  The small deflection provided by the electrostatic septum translates into a
physical gap between the circulating beam and the extracted particles further downstream,
where one or more magnetic septa are positioned to finally extract the beam.  Ideally the
extraction channel has to be designed such that the only particle loss occurs at the
electrostatic septum, which is unavoidable due to its finite thickness.  A detailed discussion
of the layout of the extraction channel is given in Sections 3.9 and 3.10.
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3.5 Effect of the electrostatic septum
The electrostatic septum cuts off particles from the separatrices.  Particles that have
jumped into the septum are deflected by the electrostatic field, corresponding to an
angle M.  This kick transforms into a physical gap between the extracted and the circulating
part of the separatrix further downstream, where the magnetic septum is positioned.
Figure 3.6.  Kick of electrostatic septum in normalised phase space.
The gap size is calculated by comparing the movement of two on-momentum (Gp = 0)
particles from the electrostatic to the magnetic septum; particle A starts just inside the
electrostatic septum, B just outside, as shown in Figure 3.6.  The thickness of the
electrostatic septum (typically 0.1 mm) is neglected, both particles are assumed to start
from the radial position of the septum xES, and with the same angle xcES but only particle A
receives the kick M.  With the 2x2 Twiss-matrix (real phase space), the positions and
angles of the particles at the magnetic septum are obtained as
A: Mc 121211 mxmxmx ESESMS
Mc c 222221 mxmxmx ESESMS
and (3.13)
B: ESESMS xmxmx c 1211
ESESMS xmxmx c c 2221 ,
where the suffices 1 and 2 denote the positions of the electrostatic and magnetic septa.
Thus, the effect of the kick appears at the magnetic septum as a difference in position and
angle of the particles,
'x mMS  12 M (3.14)
and
M c' 22mxMS , (3.15)
where 'xMS is the gap, available for the thicker magnetic septum, which is explicitly given
by
'xMS    M E E PES MS sin . (3.16)
From (3.16) it follows that to relax on the kick (voltage), that has to be provided by the
electrostatic septum to create the space for the magnetic septum, the lattice functions of
the machine and the positions for the septa have to be chosen such that:
x The phase advance between the septa is close to 90° +  n180q.
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3.6 Separatrix geometry at electrostatic septum
So far, in all the figures of the normalised phase space at the electrostatic septum, the
extraction separatrix has been shown in the first quadrant, where X and Xc > 0, with a
positive kick, M > 0.  In fact, only the first and third quadrants are useable.  This follows
from purely geometrical considerations as shown in Figure 3.7.  For the first and fourth
quadrant X is always positive, which means that the kick of the electrostatic septum must
also be positive, otherwise the extracted particles are driven back into the septum wires.
For the first quadrant, a positive kick opens a gap for the magnetic septum further
downstream, whereas it is the contrary in the fourth quadrant, as a positive kick drives the
extracted beam segment closer to the machine centre.  The same considerations apply
when comparing second and third quadrant operation.
Figure 3.7.  Possible working quadrants for the electrostatic septum.
A further limitation for the separatrix geometry at the electrostatic septum is introduced by
the angular spacing of 120° between adjacent separatrices.  From equation (3.16) it was
found that, for an optimum usage of the electrostatic septum’s kick, the phase advance to
the magnetic septum should be 90° + n·180°.  Figure 3.8 shows a logical layout for first
quadrant operation with the extraction separatrix at 45° at the electrostatic septum and a
phase advance of 90° to the magnetic septum.
Figure 3.8.  Ideal separatrix geometry at electrostatic and magnetic septa for first quadrant operation.
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The extraction separatrix could be rotated by a maximum of 15° anticlockwise before the
safety margin in Figure 3.8 is lost and the preceding separatrix hits the electrostatic septum
as shown in Figure 3.9 (a), or by 15° clockwise before the following separatrix hits the
magnetic septum, Figure 3.9 (b).  This limits the possible angles for the extraction
separatrix at the electrostatic septum to 45° ± 15° for first quadrant operation and to
225° ± 15° for third quadrant operation.
Figure 3.9.  Limitations of separatrix geometry by electrostatic and magnetic septa.
The alternatives to the extraction layout with a phase advance of 90° between the septa, as
shown above, are limited.
x The first is to accept a much smaller phase advance, which might be imposed by lack of
space, but this requires a stronger electrostatic septum which may have implications for
the reliability.
x The second is to use 270° phase advance, but this has two unfavourable aspects.
Firstly, the extracted beam has to be transported for a longer distance in the machine,
which for a small synchrotron means that crossing of non-linear magnetic elements
(e.g. chromaticity or resonance sextupoles) is almost unavoidable.  Any change in these
elements would result in a change of the extraction geometry.  Secondly, a phase
advance of 270° (more generally 270° + n·360°) means that the electrostatic and
magnetic septa are on opposite sides of the vacuum chamber.  This may have the
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3.7 Phase-space representation of beam and resonance
Up to now only single particles have been considered, but the beam in an accelerator
always has a certain momentum spread Gp/p and, due to the chromaticity in the machine,
this momentum spread translates into a tune spread according to
p
pQQ GG c . (3.17)
The size of the beam in an accelerator is characterised by the emittance, which is defined
as an area in phase space that contains a certain percentage of the beam particles.  In
general, a beam will contain particles with amplitudes between zero and a maximum
amplitude, corresponding to a maximum single particle emittance, which is numerically
equal to the total emittance of the beam.  At a given position s in the machine, the beam
can be represented in phase space by a series of ellipses (circles in normalised phase
space), centred around the dispersion vector D(s)·Gp/p, as shown in Figure 3.10.
Figure 3.10.  Representation of a beam in phase space and normalised phase space.
The circles that represent the beam emittance in normalised phase space become triangles
under the influence of the resonance.  The resonance for particles of each momentum is
represented by a triangle, corresponding to the last stable orbit, and the extensions along
the outward separatrices.  According to (3.17) each momentum corresponds to a certain
tune distance from the resonance and the corresponding triangles are of different sizes as
shown in Figure 3.11.
Figure 3.11. Normalised phase space representation of a beam under the influence of the resonance.
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When considering the interactions of the beam and the resonance, it is very convenient to
use the Steinbach diagram that represents the stopband of the third-integer resonance.
With (3.17) the expression for the stopband (3.6) can be rewritten with the momentum




QA GS c 348 . (3.18)
It is sometimes more convenient to use the momentum spread rather than the tune as
abscissa, since the momentum spread is an independent beam parameter (changing the
chromaticity will change the tune but not the momentum).  Figure 3.12 (a) shows the
circulating beam before extraction, corresponding to the phase space representation in
Figure 3.10.  Figure 3.12 (b) shows the beam during the extraction process, corresponding
to the phase-space diagram 3.11.
(a)      (b)
Figure 3.12.  Steinbach diagram of the beam before and during extraction.
It can be seen that during the extraction a quasi-static situation is reached and particles
with all amplitudes in the beam enter the resonance.  These particles have different
momenta and, due to the chromaticity, different tunes, which means the corresponding
stable triangles are of different sizes.  Figure 3.13 shows the separatrix geometry at the
resonance sextupole and the electrostatic septum in normalised phase space.
Figure 3.13.  Separatrices at the resonance sextupole and the electrostatic septum.
The dotted lines are the separatrices corresponding to zero amplitude particles P0 in Figure
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The separatrices of all other particles are found in between these two extreme cases.  The
instantaneous momentum spread of the extracted beam can be calculated from (3.18) with















During the extraction process, there will in general be particles with all amplitudes
becoming unstable at any given instant and being extracted along separatrices from stable
triangles with different sizes.  As shown in Figure 3.13, the separatrices at the electrostatic
septum are in general not superimposed, which means that particles, moving outwards
along different separatrices, reach the septum with different angles.  Therefore, not only
particles that hit the septum cross-section directly will be lost, but due to the finite septum
length, also particles that are moving close to the septum wall with a certain divergence.
(a) (b)
Figure 3.14.  Particle losses at the electrostatic septum due to angular spread of separatrices.
Figure 3.14 (a) shows the trajectories of two particles in real space, one starting just short
of the electrostatic septum at x < xES, and the other just beyond the septum wires at
x > xES.  From geometrical considerations it follows that particles starting from x < xES
will be lost along the septum wall if their relative divergence, compared to the septum
angle, is larger than (xES - x)/LES.  A similar situation exists for particles inside the septum
with x > xES, except that the electric field curves their orbits and modifies the forbidden
angles.  Figure 3.14 (b) shows the so called ‘shadow’ regions (grey shaded) in normalised
phase space.  All the particles on the segments of the separatrices that cross the shadow
regions are lost along the septum wall.
It was mentioned earlier that stable triangles of different sizes correspond to different
momenta.  At a position in the machine where the dispersion is non-zero, the triangles will
be shifted according to their momentum (see Section 2.6).  With a finite dispersion at the
electrostatic septum, this effect can be used to superimpose the extraction separatrices in
order to avoid particle losses in the shadow regions.  It should be noted that in
Figures 3.13 and 3.14 (b) all the triangles are centred which means the dispersion was
assumed to be zero at the electrostatic septum.
The condition, to arrange the separatrix geometry and to set the optics at the
electrostatic septum such, that all separatrices are superimposed, is known as the
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purely mathematical approach from the general expressions for the separatrices (2.67)-
(2.70), given in Section 2.6,

























00 sincos . (3.20)
The angle D describes the orientation of the separatrices at the sextupole, 'P is the phase
advance from the sextupole to the considered lattice element and h is the distance from the















Inserting (3.22) into (3.20) gives the general expression for the separatrices as a function
of particle momentum and chromaticity of the machine,


































sincos 00 . (3.23)
It can be seen that the size of the stable triangles and the displacement of the separatrices
due to the dispersion is determined by the momentum of the corresponding particles.  In
order to superimpose the extraction separatrices the momentum dependency has to be
removed from the equation of the separatrices, giving the Hardt condition,
    Q
S




sincos 00 . (3.24)
The above equation may appear very flexible, but there are some boundary conditions that
restrict the parameters.
x The choice of the angle (D-'P) is restrained by the geometry of the extraction.  For
optimised operation in the first or third quadrant, as discussed earlier, it can be shown
that the phase (D-'P) is either 135° for particles with tune values below resonance
(GQ < 0), or 315° for particles above resonance (GQ > 0).  The different possibilities for
the extraction layout are summarised in Figures 3.17 and 3.18.
x The sextupole strength cannot be used as a variable since it determines the spiral step
and spiral pitch and therefore the horizontal size of the extracted beam.
x The horizontal chromaticity Qc is the main variable, but for small, low-energy machines
which are working below transition, the chromaticity should be negative to ensure the
stability of the coasting beam [13].
x The normalised dispersion function depends on the lattice.  The task of the designer is
to foresee a position for the electrostatic septum with suitable values of Dn and Dcn.
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where the (cos,sin) vector is the unit vector, perpendicular to the extraction separatrices as
was shown in Section 2.6.  The value of the LHS is therefore fixed by the extraction
geometry and the dispersion vector at the position of the electrostatic septum.  In order to
superimpose the separatrices and to fulfil the Hardt condition, the right hand side of (3.24)
is then adjusted by changing the horizontal chromaticity of the machine.  For a more
physical insight, the expressions for the stopband of the resonance (3.18), the momentum
spread of the extracted beam (3.19) and the Hardt condition (3.24) have to be considered
together.  A change of the chromaticity changes the width of the stopband (the slope of the
resonance line) and therefore the extracted momentum spread.  This means that the
momenta corresponding to different-size triangles change and the triangles are shifted
along the dispersion vector, according to their new momenta.  In general, the extraction
should be arranged such, that the momentum spread of the extracted beam is small for two
main reasons:
x The optics of the beam delivery system towards the patient (Chapter 7) is rather
complicated.  In a gantry it is likely that the dispersion takes large values which,
together with a large momentum spread, leads to enlarged magnet apertures and
therefore bigger and more expensive magnets.
x The transfer between electrostatic and magnetic septum is in general chromatic (see
Section 3.9).  These chromatic effects can be partially corrected with a higher voltage
of the electrostatic septum, but are less important for a small momentum spread.
Inspection of (3.19) shows that the extracted momentum spread will be small for large
absolute values of chromaticity and therefore a large absolute right-hand side in (3.24).
The LHS (3.25) is zero for perpendicular vectors, which is the case when the normalised
dispersion is parallel to the separatrices.  For this configuration it is obvious that the
separatrices cannot be superimposed for any finite value of chromaticity.  (The zero
chromaticity extraction is considered in Section 3.11.)  The absolute value of the LHS will
have a maximum for parallel vectors in (3.25), this means, the normalised dispersion is
directed at right angle to the extraction separatrices and the shift of triangles with different
momenta, relative to each other, is most effective.
The following Figures 3.15 and 3.16 show the separatrix geometry at the
electrostatic septum for first quadrant operation.  The full lines represent the extraction
separatrices corresponding to zero amplitude (zero-size triangle) and maximum amplitude
(maximum-size triangle) particles.  The dotted lines indicate the position of the maximum-
size triangles if the dispersion function was zero.  In 3.15 the normalised dispersion vector
is almost parallel to the separatrices, thus the absolute value of the LHS is small, whereas
in 3.16 the normalised dispersion is perpendicular to the separatrices and the LHS is large.
In 3.15 (a) and 3.16 (a) the chromaticity is not adjusted to fulfil the Hardt condition,
the RHS of (3.24) is equal for both diagrams.  In 3.15 (b) and 3.16 (b) the chromaticity
has been adjusted in order to superimpose the separatrices.  In 3.15 (b) the dispersion
vector is not well suited, the final absolute chromaticity is small and the extracted
momentum spread is large, as can be seen from the Steinbach diagram.  In 3.16 (b) the
normalised dispersion vector is perpendicular to the separatrices that are superimposed for
a small momentum spread of the extracted beam and a large absolute chromaticity.
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Figure 3.15. Hardt condition for small chromaticity and large momentum spread of extracted beam.
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Figures 3.17 and 3.18 summarise all the possible extraction layouts for optimised first and
third quadrant operation (derived according to Section 2.6).  The arrows indicate the
required direction of the normalised dispersion vector to fulfil the Hardt condition with the
smallest possible momentum spread of the extracted beam.  The dotted lines are the
extraction separatrices for the zero-amplitude particles which are exactly on resonance
(GQ = 0, Gp = 0), the full lines correspond to maximum amplitude particles with a
momentum deviation Gp and a tune deviation GQ = QcGp/p.
Figure 3.17.  Separatrix geometry for first quadrant operation, ideal normalised dispersion vector.
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It was mentioned earlier that for a small, low-energy machine that works below transition
the chromaticity should be negative in order to ensure the transverse stability of the beam
[13].  This constraint leaves only four possibilities for the extraction geometry at the
electrostatic septum.
In Figures 3.17 (b) and (d) the electrostatic septum is on the outside of the vacuum
chamber, the dispersion required for the Hardt condition is Dn > 0 and Dcn < 0.  In Figures
3.18 (b) and (d) the electrostatic septum is on the inside of the vacuum chamber, the
dispersion required for the Hardt condition is Dn < 0 and Dcn > 0.  In general, in small
machines the dispersion Dn is positive.  This fact leaves only the two layouts in
Figures 3.17 (b) and (d), for the extraction.  Figure 3.19 shows the qualitative shape of the
normalised dispersion for a dispersion bump, an arc with regular distributed dipoles and a
regular cell structure. The favoured position for the electrostatic septum is on the
downward slope of the dispersion (shaded areas), where Dn > 0 and Dcn < 0.
Figure 3.19.  Qualitative shape of the normalised dispersion for typical lattice structures.
In Figures 3.17 (b) and (d) the electrostatic septum is in the outer half of the chamber.
Earlier, in (3.16) it was shown that the ideal phase separation between electrostatic and
magnetic septa is P = 90° + n·180°.  An odd value of n (i.e. P = 270°, 630° etc.) means
that the septa are on opposite sides of the chamber and, with the electrostatic septum being
on the outside, the magnetic septum has to go to the inside.  One feels intuitively that the
extraction should not be done to the inside of the machine because of the high magnetic
rigidity of the beam.  Therefore, the phase separation should be around 90° to have both
septa on the outside of the chamber.  A larger phase advance of 90°+ n·360°is less
convenient as the extracted beam has to be transported for a longer distance in the
machine.
The final decision for the extraction layout of Figure 3.17 (d) is based on aperture
considerations.  The resonance should be positioned in the centre of the chamber, (i.e. the
resonance tune should correspond to the central orbit momentum) to ensure a balanced
growth of the separatrices.  During the extraction set-up the beam has to be kept
sufficiently far from the resonance.  With both septa being on the outside of the vacuum
chamber it is natural to position the beam in the inner half of the chamber to avoid aperture
limitations.  In this case the beam is below the resonance in momentum and, due to the







Correct orientation for (Dn,Dn’)
in a dispersion bump
Correct orientation for (Dn,Dn’)
in an arc with spread out dipoles
Correct orientation for (Dn,Dn’)
in a regular cell lattice
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3.9 Transfer between extraction septa
Generally, during the extraction process, particles with different momenta are extracted at
the same time.  When the Hardt Condition is fulfilled, all the extraction separatrices are
superimposed at the electrostatic septum and all particles reach the septum on the same
separatrix, independent of their momentum.  In Section 3.5, the transfer of on-momentum
particles between electrostatic and magnetic septa was considered.  However, the
extracted beam has a certain momentum spread, and in general, the trajectories of particles
with a momentum deviation are different to those of on-momentum particles.  This may
cause a reduction of the space available for the magnetic septum, as calculated in (3.16).
It is therefore also necessary to analyse the transfer of particles with the maximum
momentum deviation.  This is done in a similar way to above, by considering the
trajectories of two particles, C and D, starting from the radial position of the electrostatic
septum, xES with the septum angle xcES, but only particle C receives the kick of the septum.
In a linear lattice, the movement of particles with a momentum deviation can be described
with the 3x3 transfer matrix formalism.  The horizontal coordinates of the particles at the
magnetic septum are derived as
C:  ppmmxmxmx /13121211 GM c ESESMS ,
 ppmmxmxmx /23222221 GM c c ESESMS ,
and (3.26)
D:  ppmxmxmx /131211 Gc ESESMS ,
 ppmxmxmx /232221 Gc c ESESMS .
Comparison of (3.26) and (3.13) shows that the separation between circulating and
extracted particles 'xMS is the same as calculated for on-momentum particles, but the gap
appears at a different position and angle.  The shift in position reduces the effective gap
width for the magnetic septum.  Figure 3.20 shows the transfer between the septa for
particles representing the full momentum spread of the extracted beam.  The grey shaded
areas represent particles with momenta in between these limits.
























for Gp = 0'"extr
'divextr
 Resonant slow extraction  Chapter 3   
________________________________________________________________________________________________________________________________________________________________________________________________________
53
The effects of the chromatic terms, m13 and m23 in the transfer matrix, on the phase space
geometry at the magnetic septum and the extracted beam are described below.
x A non-zero m13 causes a loss of space for the magnetic septum and has to be corrected
with a stronger kick of the electrostatic septum.  The effective gap width is
 gap m m p peff    12 13M G / . (3.27)
x The horizontal width of the extracted beam is increased, and, to avoid losses inside the
magnetic septum, the horizontal aperture has to be enlarged.
 'l m p pextr  13 G / (3.28)
x A non-zero m23 is leading to a larger overall divergence of the extracted beam at the
magnetic septum and also requires an enlarged horizontal aperture to avoid losses.
 'div m p pextr  23 G / (3.29)
It should be mentioned that at the electrostatic septum any angle error of the extraction
separatrices will increase particle losses.  At the magnetic septum it is usual to foresee a
small clearance of say a few millimetres between beam and septum and therefore angular
spreads up to 1mrad (approx.) will not lead to losses.  For this reason, only the m13 term
will be considered in the further discussion.
3.9.1 Minimisation of  chromatic ef fects
One way of reducing the above mentioned disadvantages is to arrange the extraction such,
that the momentum spread of the extracted beam is small.  However, the momentum
spread is not a free parameter as it is fixed when applying the Hardt condition to avoid
losses at the electrostatic septum.  It is therefore of prime importance to optimise the
lattice in such a way that the superposition of the extraction separatrices results in a small
momentum spread of the extracted beam.
The explicit form of the element m13, expressed in terms of normalised dispersion,
 PPE sincos ES,ES,MS,MS13 nnn DDDm c , (3.30)
shows that the loss of space for the magnetic septum is proportional to EMS.  Decreasing
EMS reduces the influence of m13, but the gap created by the electrostatic septum (3.16) is
also proportional to EMS and becomes smaller.  The effective gap (3.27) for the magnetic
septum is reduced by decreasing EMS.
 gap m m pp
D D D p
peff n n n








E E P P P
G
MS ES MS ES ESsin cos sin, , , . (3.31)
The only effective approach to reduce chromatic effects is to minimise m13 directly.
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3.10 Achromatic transfer between extraction septa
A momentum-independent transfer between electrostatic and magnetic septa requires the
chromatic term m13 in the general 3x3 transfer matrix to vanish.  Inspection of (3.30)
shows that the size of m13 is determined by the normalised dispersion functions at the
septa.  In order to reduce m13, the lattice needs to provide suitable values of the dispersion
at the positions of the septa.
 The shape of the dispersion function in a lattice is determined by the distribution of
the dipole magnets.  In the analysis below, the effect of the dipoles is approximated as a
point kick.  In this model, every passage of a dipole adds a kick Dcn,0 to the actual value of














































In a bending-free region, the dispersion function acts like the betatron oscillation of a
particle and can be described with the 2x2 Twiss-matrix formalism.  The transformation of
the dispersion function between two lattice elements, denoted by the suffices 1 and 2,






























In normalised phase space, the normalised dispersion vector simply rotates by the phase





































Combining (3.34) and (3.32) allows an approximate analysis of the transfer between the
extraction septa.  Some particular cases are demonstrated below.
Both septa in a bending-free dispersion region
Figure 3.21.  180°dispersion bump.  (a) Normalised coordinates (P, Dn),
  (b) normalised phase space (Dn, Dcn).
Figure 3.21 shows a dispersion bump as created by two dipole point kicks of identical
strength, spaced by 180° in phase.  The electrostatic septum is positioned in the first half of
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To prove that in such a case the transfer is always achromatic, the closed orbit for particles
with a momentum deviation Gp is considered.  The closed orbit at any position s in the
machine is to first order defined by the product of dispersion function and momentum
deviation,
     ppsDpsx /,EQ.O. GG      and         ppsDpsx /,EQ.O. GG c c . (3.35)
The 3x3 transfer matrix links the orbit coordinates between different positions (1 and 2) in





























































By inserting (3.35) into (3.36), general expressions for m13 and m23 in terms of the
dispersion functions and the 2x2 Twiss-matrix elements are found,
112111213 DmDmDm c         and        122121223 DmDmDm cc . (3.37)
In regions without bending the dispersion function transforms according to (3.33) and by
inserting this into (3.37) it follows directly that m13 and m23 are zero and therefore:
x The transfer via a dispersion region without crossing bending magnets is always
achromatic with respect to position and angle.
It should be noted that this result is exact and valid not only inside a dispersion bump, but
in any lattice section without bending.
A typical structure where this result can be applied is the so called ‘square’ lattice.
The dipole magnets are grouped in the corners, to create dispersion bumps on two
opposite sides and dispersion-free straight sections on the remaining two sides.  The fact of
the fully achromatic transfer between the septa may give the impression that such a
structure is best suited for a slow extraction scheme, but there are two major problems
with a square lattice:
x The natural position for the electrostatic septum (i.e. the first half of the dispersion
bump) is the worst place to put it when adjusting for the Hardt condition.  It was shown
in Section 3.8, that for ideal operation Dn > 0 and Dcn < 0, as in the second half of a
bump is required, whereas in the first half Dn > 0 and Dcn > 0, as can be seen from
Figure 3.21.
x The second problem is that in general there is too little useable phase advance in the
dispersion straight-section.  An important fraction of the 180° is lost because of the
length of the corner dipoles.  To get a reasonable phase separation between the
extraction septa, they have to be positioned close to the corners on either side of the
straight section.  Such a layout requires a very strong kick from the magnetic septum in
order to clear the dipole magnets that close the dispersion bump.  Moving the magnetic
septum closer to the centre of the drift space reduces the phase separation from the
electrostatic septum.  In this case, the electrostatic septum has to kick very hard, to
create the space needed for the magnetic septum.
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Both septa in regions with dispersion and bending
Figure 3.22.  Extended dispersion bump, (a) normalised coordinates (P, Dn),
(b) normalised phase space (Dn,Dcn).
Figure 3.22 shows a so-called ‘extended-dispersion-bump’.  The free space within the
dispersion bump is increased by adding a central dipole in order to overcome the problems
of the ‘square’ lattice.  The disadvantage of such a structure is, that in general, the transfer
between the extraction septa is chromatic, as a bending magnet has to be crossed.
Some design guidelines can be found for an extraction layout with optimised phase
advances of P = 90q + n180q between the septa.  Using expression (3.30) for the
chromatic term,
 PPE sincos ESn,ESn,MSn,MS13 DDDm c , (3.38)
and assuming a phase advance P = 90q + n360° between electrostatic and magnetic septa
gives
 ESn,MSn,MS13 DDm c E . (3.39)
To make the transfer achromatic (m13 = 0),
ESn,MSn, DD c (3.40)
is required, but as shown earlier, one needs to work with a negative Dcn,ES for adjusting the
Hardt condition, therefore m13 can only be made zero by having negative dispersion at the
magnetic septum.
For a phase advance of P = 270q + n360q (septa on opposite sides of the vacuum
chamber) it follows
 ESn,MSn,MS13 DDm c E (3.41)
and therefore to make the transfer achromatic,
ESn,MSn, DD c (3.42)
is required.  In this case, m13 can be made zero by having a positive Dn,MS and a negative
Dcn,ES just as required for the Hardt Condition.  A disadvantage of this solution might be
that the particles which are extracted, have to be transported for a longer distance in the
machine (e.g. crossing of sextupoles between the septa would be more difficult to avoid).
                                               

 If a sextupole is crossed (either resonance or chromaticity) between the ES and the MS, then there is a variable optical element in the
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Electrostatic septum in dispersion region and magnetic septum in zero-dispersion region
Figure 3.23.  180°dispersion bump.  (a) Normalised coordinates (P, Dn),
  (b) normalised phase space (Dn, Dcn).
Figure 3.23 shows a 180° dispersion bump; contrary to the extraction layout in
Figure 3.21, the electrostatic septum is positioned in the second half of the bump where
Dn > 0 and Dcn < 0, as required for the Hardt condition.  The magnetic septum is
positioned in the dispersion-free straight section after the dipoles that close the bump.  As
for the extended dispersion bump, the transfer between the septa is in general chromatic
due to the passage of dipoles.
Assuming the dispersion bump is created by dipole point kicks, the normalised
dispersion function can be described with (3.32) and (3.34) as
  -- sin0,nn c DD      and        -- cos0,nn c DD , (3.43)
where -  is the phase advance counted from the first dipole kick and Dcn,0 is the strength of
the kick.  With Dn,MS = 0 in (3.30), the chromatic term m13 can be written as
 PPE sincos ESn,ESn,MS13 c DDm , (3.44)
and by inserting (3.43) into (3.44) a simple expression for m13 is obtained,
 P-E  sinnMS13 ,0Dm . (3.45)
It follows immediately that the transfer between the septa will be achromatic( m13 0 ) for
 - P  n 180 (3.46)
Obviously it is impossible to use exactly n = 1, since this gives the position of the dipole
which is closing the dispersion bump.  To keep m13 small, the magnetic septum has to be
positioned as close to the dipole as possible.
This solution has been adopted for the lattice of the medical synchrotron
(Chapter 4).  The electrostatic septum is positioned in the second half of the dispersion
bump, which allows the Hardt condition to be fulfilled with negative chromaticity and a
small extracted momentum spread while keeping the chromatic effects small.  The only
resulting compromise is a reduced phase advance of less than 90° between the septa.
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Transfer for un-fulfilled Hardt Condition
Adjusting for the Hardt Condition fixes the chromaticity and therefore the slope of the
resonance line (3.18) and the momentum spread of the extracted beam (3.19).  Instead of
superimposing the extraction separatrices at the electrostatic septum, the chromaticity can
be used to arrange the extraction geometry such that particles with different momenta
arrive at the septum with different angles.  With a proper choice of these starting
conditions a reduction of the space available for the magnetic septum can be avoided even
though the transfer between the septa is chromatic.  This method is used in the present
CERN-PS slow extraction scheme [16].
Transfers between zero dispersion regions
By inspection of the general expression (3.30) for m13, it follows immediately that transfers
between zero-dispersion regions are always fully achromatic.  However, with the
electrostatic septum located in a zero-dispersion region, the separatrices can be
superimposed only for zero chromaticity, which will be discussed later.
3.11 Comparison of extraction techniques
In order to slowly extract a beam, either the particles have to be moved progressively into
the resonance stopband or the stopband has to be moved onto the beam.  This means that
some physical quantities have to be changed.  The varying parameter, the way of changing
it and the initial geometry of the beam in the amplitude-momentum (amplitude-tune) space
distinguish the extraction method.  In Section 3.3, a general overview of the different
extraction techniques was given.
3.11.1 Varying the sextupole strength
Extraction by changing the sextupole strength is generally not used.  The main argument
against a change of the resonance strength is found by considering expressions (3.11) and
(3.12) for the spiral step and pitch that determine the size of the extracted beam.  As both
terms are proportional to the resonance strength S, any change of S during the extraction
leads to a change of the beam size and therefore, (in the case of a medical machine), the
beam spot at the patient, which is not acceptable.
3.11.2 Varying the tune distance
The most common extraction method is to slowly change the tune distance GQ, of the
circulating particles.  There are two fundamentally different approaches.
x To move the resonance through the beam by changing the betatron tune of the machine
with quadrupole magnets.
x To move the beam into the stationary resonance by acceleration (deceleration) of the
circulating particles.  The change in momentum translates via the chromaticity into a
change of the tune (3.17).
The main problem, when moving the resonance through the beam, is that the Hardt
condition is ineffective.  The extraction separatrices can be superimposed at any time but
during the extraction they change their radial position.  This means that the divergence of
particles that arrive at the electrostatic septum changes from the beginning to the end of
the extraction process.  This variation in angles also affects the transfer between the
extraction septa and reduces the space available for the magnetic septum.  For the
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compensation of these effects, e.g. a dipole correction bump, that changes the orbit around
the electrostatic septum, can be used.  However, such a dynamic correction complicates
the operation of the machine and should be avoided, especially for a medical machine
where simplicity and reliability of operation are of major concern.
Figure 3.24 (a) shows the principle of this method for a beam with a large horizontal
emittance Ex and a small momentum spread.  The first particles that are extracted have
large amplitudes and a large tune distance (GQ = QcGp/p), the small amplitude particles are
extracted at the end of the spill with a small GQ.  The variation of the mean tune distance
of the extracted particles results in the problem of a changing beam size during extraction
as can be seen from equations (3.7).  The extracted momentum spread is always equal to
the total momentum spread of the beam.
Figure 3.24 (b) shows the same extraction technique for a beam with a small
transverse emittance and a large momentum spread.  During the whole spill particles of all
amplitudes are extracted, the beam size remains therefore unchanged.  The instantaneous
momentum spread of the extracted beam is small but the mean momentum varies.  This has
two undesirable features.
x Firstly, it could require dynamic changes of the septa strengths and the magnets in the
extraction line within a single spill.
x Secondly, for a medical machine, a change of the mean momentum of the beam during
the spill causes a variation in the depth of the Bragg-peak in the target volume.
Figure 3.24. Slow extraction via changing the tune by moving the resonance.

























x Size of extracted beam varies
x Momentum of extracted beam is constant
x Momentum of extracted beam varies
x Size of extracted beam is constant
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For the second method, the particles are accelerated and their tune changes due to the
chromaticity according to (3.17).  In this case the resonance is stationary, the Hardt
condition can be applied, the transfer between the septa is unchanged during the
extraction.  A further advantage is that all lattice parameters are kept constant during the
extraction and all lattice power supplies have constant settings.
Figure 3.25 (a) shows the extraction process for a beam with a large horizontal
emittance and a small momentum spread.  As in Figure 3.24 (a) the first particles that are
extracted have large amplitudes, the main problem is that the stationary resonance
transforms the horizontal emittance into a momentum spread.  It can be seen that the mean
momentum of the extracted beam varies during a single spill, resulting in the same
difficulties as discussed for Figure 3.24 (b).
The most preferable situation is shown in Figure 3.25 (b).  The beam has a large
momentum spread and a small horizontal emittance.  During the whole spill time particles
of all amplitudes are extracted.  The momentum spread of the extracted beam is small and
the mean momentum is constant.  With such a geometry, all machine parameters can be
kept constant and no dynamic correction systems are needed.
Figure 3.25.  Slow extraction via changing the tune by acceleration (deceleration) of the beam.























x Size of extracted beam varies
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Acceleration (deceleration) of the beam into the resonance
There are a number of different methods for the acceleration of the beam into the
stationary resonance.  The best known are listed below, this is a partial list and a complete
discussion of the different techniques would go beyond the scope of this thesis.
x Acceleration of the beam with the rf cavity.
x Use of longitudinal stochastic noise [17].
x Use of a betatron core, inductive acceleration [18,19].
3.11.3 Varying the amplitude (zero chromaticity extraction)
The third method for slow extraction is to increase the particle amplitudes until they enter
the resonance stopband.  This method is particularly well suited to an extraction set-up
based on a machine with zero chromaticity.
In Section 3.1 it was shown that the stability of a particle, for a given sextupole
strength, is determined by its tune distance GQ and its amplitude A.  From (3.17) it follows
with Qc = 0 that all particles have the same tune distance and their stability is therefore
only a function of the particle amplitude.  This in turn means that all particles that become
unstable will be extracted from stable triangles of equal size, independent of their
momentum.  From the expression for the Hardt condition (3.24), it can be seen that the
right hand side will be zero for Qc = 0.  Inspection of (3.25) shows that in this case, the
separatrices can be superimposed by simply positioning the electrostatic septum in a zero-
dispersion region.  In order to further optimise the extraction geometry, the transfer
between electrostatic and magnetic septa should be achromatic.  In Section 3.10, it was
shown that transfers between zero-dispersion regions are always fully achromatic.
Therefore the magnetic septum should also be positioned in a dispersion-free region,
90° downstream from the electrostatic septum.  Finally, the extraction process is
performed by blowing up the beam with transverse rf excitation.  Rf kicks applied at the
betatron  frequency (product of fractional horizontal tune and revolution frequency) cause
the betatron amplitudes to grow and particles to enter the stopband.  Alternatively,
transverse stochastic noise can be used to blow-up the beam.
Figure 3.26.  Zero chromaticity extraction by transverse beam blow up.
Figure 3.26 shows the amplitude momentum space and the resonance stopband for the
zero-chromaticity extraction.  During the extraction all machine parameters are kept
constant; as for the extraction technique with the stationary resonance, no dynamic
correction systems are needed.  The extracted beam has the momentum spread of the
circulating beam, the mean momentum and the beam size are constant during the
extraction.  The only disadvantage of this extraction method is the lack of intrinsic












There are some basic guide lines that all ring lattices should follow.  Large vertical beam
sizes should be avoided, especially in the main dipole magnets.  The smaller the main
dipole gap height, the narrower the pole can be made for a given ‘good-field’ region and
the smaller the overall magnet and coil dimensions become.  Reducing the gap height
reduces the required current and therefore the power consumption.  It is better to avoid
placing opposing quadrupoles close together.  ‘Tight’ doublets tend to have high
gradients, as they are partially self-cancelling, and the lattice functions tend to be more
extreme.  To ensure that longitudinal and transverse oscillations remain uncoupled,
rf cavities should be sited in dispersion-free regions.
The specific requirements of a given lattice will be added to the above and may take
precedence in some cases.  For the medical synchrotron, the tunes and the chromaticities
must be configured to excite the resonance, ensure stability and accommodate the Hardt
condition.  The transfer of the extracted beam between the two septa should be as
achromatic as possible.  The resonance sextupole should be in a dispersion-free region and
the chromaticity sextupoles need to be arranged in a non-resonance-exciting configuration.
Since the medical synchrotron is a ramped machine (max. cycling rate ~ 0.7 Hz), the field
volume in the dipole should be minimised to lower the ramping voltage.  This favours the
curved dipole design over the straight (Section 6.3).  The overriding need is that of a
stable, reproducible spill and this dominates the design choices at all levels [20].
4.1 The underlying construction
The medical synchrotron is a dual-species machine that has to deliver protons at extraction
energies between 60 and 250 MeV as well as carbon ions at energies between 120 and
400 MeV/nucleon.  Relativistic parameters, particle numbers, injection energies and beam
emittances are quoted in Appendix A.  The overall machine size is determined by the
carbon ions at highest energy (magnetic rigidity BU = 6.5 Tm).  The need for an accurate
beam position during treatment (i.e. over the whole extraction energy range) imposes tight
field quality specifications for the dipole magnets at all energies and consequently the
maximum field is set to relatively modest 1.4 T.  This determines the approximate
synchrotron circumference at 80 m.
The design is based on two achromatic, one-to-one mapping arcs (Px = Pz = 360q).
Each arc bends 180° and has a closed dispersion bump.  Such a symmetric structure was
preferred, since in general it requires fewer quadrupole families.  The arc shown in
Figure 4.1 is based on four 90° FODO cells, there are two quadrupole families.  The
Twiss input values are,  Ex,in = Ex,out = 7.84 m,  Ez,in = Ez,out = 1.616 m, Dx,z,in = Dx,z,out = 0 and
the phase advances are Px = Pz = 360°.
The next step was to split the F-quadrupoles to form a FODOF cell with longer drift
spaces after each pair of dipoles.  As long as this is done while keeping a strict four-fold
symmetry, the structure can be rematched to phase advances of Px = Pz = 360° and will be
automatically achromatic (i.e. the dispersion bump will be closed inside the arc).  The
lattice functions of the split FODOF arc are shown in Figure 4.2.
                                               

 All optics calculations were performed with WINAGILE lattice design [21].
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Figure 4.1.  Lattice functions for initial FODO arc.
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Figure 4.2.  Lattice functions for split FODOF arc.
 Lattice design  Chapter 4   
________________________________________________________________________________________________________________________________________________________________________________________________________
65
The long drift sections are 2 m, the Twiss input values are Ex,in = Ex,out = 7.53 m,
Ez,in = Ez,out = 2.81 m, Dx,z,in = Dx,z,out = 0 and the phase advances are Px = Pz = 360°.  This
type of arc (achromatic, one-to-one mapping) is extremely useful at the start of matching
in a symmetric structure, as it will accept any Twiss input values and return them at the
exit, always with the same phase advance.  This feature of an achromatic, one-to-one
mapping structure is illustrated in Figure 4.3.  The settings of all magnetic elements are
unchanged as compared to the structure in Figure 4.2, only the beta function input values
have been changed to Ex,in = Ex,out = 5 m,  Ez,in = Ez,out = 6 m.  The phase advances per cell
remain unchanged at 90° for both planes but the local phase advance dP/ds is no longer
identical for all cells, in fact a mirror symmetry between adjacent cells can be seen.
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Horizontal Vertical
Figure 4.3.  Flexibility of the split FODOF arc.
Alternatively, the structure can be seen as a series of four triplets, in which the Ex is
kept small and the vertical focusing of the rectangular dipoles is used to limit the peaks
in Ez.  The smaller Ex is important at the maximum of the dispersion for aperture reasons
and at the dipoles to limit the generation of the dispersion.
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4.2 The synchrotron lattice
For the final design, the regular FODOF-arcs have then been detuned by adjusting the
lengths of the drift sections in an asymmetric way to accommodate a betatron core, an
internal dumping system, the chromaticity sextupoles and the electrostatic septum.  The
arcs were joined by two dispersion-free straight sections that are adjusted for the magnetic
septum, the resonance sextupole and the rf cavity and injection insertions.  The lattice
functions were adapted to the needs of each insertion with the help of a third quadrupole
family, resulting in the final tune values of Qh = 1.67 and Qv = 1.72.  The lattice has a
super-periodicity of two with a  mirror symmetry within each super-period.  The lattice
functions of the ring are shown in Figure 4.4 below.  A complete listing of all magnetic
elements and the lattice functions is given in Appendix B.
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Figure 4.4.  Lattice functions of the medical synchrotron.
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An advantage of the split F-structure is that the beta functions are quasi constant in the
long straight sections whereas in a FODO (see Figure 4.1), they vary rapidly across drift
spaces and tune changes can alter values at the extraction septa or monitors more easily.
The smooth Twiss-functions avoid high focusing strengths.  The lattice shown has three
quadrupole families.  The quadrupoles are sufficiently low-field, that straight-pole units
with race-track coils can be used.  The dipoles are H-type, curved units with rectangular
edge focusing, 1.85 m long and a maximum field of 1.4 T.  The plan view geometry of the
synchrotron lattice with the main extraction elements, the rf cavity and the injection kicker
is shown in Figure 4.5.  A single turn injection scheme will be used, the beam is injected
from the inside of the ring directly onto the closed orbit with a fast kicker magnet.  The
injection kicker and the magnetic extraction septum are located in the straight section with
the smallest horizontal and vertical beam size of the machine (see Chapter 5), thus
allowing an economised design of these elements and their power supplies.






















   Circumference  C = 74.04 m
   Horizontal Tune    Qx = 1.67
   Vertical Tune         Qz = 1.72
   Gamma Transition Jtr = 1.98
Drawn on a 2.50 m square gridHorizontal plan view
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4.3 Main lattice parameters
The main lattice parameters are quoted in Table 4.1.  The term first extraction refers to the
lowest extraction energy (60 MeV protons, 120 MeV/n carbon ions) and the term top
extraction to the highest extraction energy (250 MeV protons, 400 MeV/n carbon ions).
Main lattice parameters
Circumference [m] 74.040000
Effective magnetic length main dipole[m] 1.785000
Number of main dipoles 16
Bending angle in main dipole [rad] 0.392699
Bending radius in main dipole [m] 4.545465
Sagitta in main dipole [m] 0.087340
Edge focusing in main dipole Rectangular
Yoke of main dipole Curved,  'H'-frame,  Laminated
Horizontal central orbit tune 1.6700
Vertical central orbit tune 1.7200
Natural horizontal chromaticity of lattice -0.618
Natural vertical chromaticity of lattice -0.983
Gamma transition 1.983
Maximum horizontal beta-function [m] 15.25
Minimum horizontal beta-function [m] 3.89
Maximum horizontal dispersion [m] 8.09
Maximum vertical beta-function [m] 14.61





Nominal field main dipole for protons [T] 0.1429 0.2501 0.5351
Nominal field main dipole for ions [T] 0.1675 0.7159 1.3963
Maximum field dipole (nominal +2%) [T] 1.4242
Effective magnetic length quadrupole [m] 0.35
Quadrupole families 3 QF1 QF2 QD
8 units 8 units 8 units
Nominal normalised gradients [m-2] -0.3369525 -0.5402673 0.5745499
Nominal gradients (proton)  at inj. [T/m] -0.2188974 -0.3509785 0.3732498
Nominal gradients (proton) 1st extract. [T/m] -0.3831188 -0.6142900 0.6532697
Nominal gradients (proton) top extract. [T/m] -0.8195052 -1.3139889 1.3973679
Nominal gradients (carbon)  at inj. [T/m] -0.2565291 -0.4113170 0.4374171
Nominal gradients (carbon) 1st extract. [T/m] -1.0964475 -1.7580363 1.8695923
Nominal gradients (carbon) top extract. [T/m] -2.1385201 -3.4288883 3.6464680
Maximum gradient (nominal+2%) [T/m] 3.7193973
Table 4.1.  Main lattice parameters for the medical synchrotron.
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4.4 Slow extraction layout
Figure 4.6 shows the lattice functions for one half of the ring with the layout of the basic
extraction elements in the lattice, the phase advances and the geometry of the extraction
separatrices.  The resonance sextupole is positioned in one of the dispersion-free straight
sections.  The electrostatic septum is placed 225° downstream, in the long straight section,
in the second half of the arc where Dn > 0 and Dn´< 0 as required for the Hardt condition.
The magnetic septum is positioned in the long dispersion-free straight section, opposite
the resonance sextupole, 55° downstream from the electrostatic septum.  Theoretically, the
phase advance to the magnetic septum could be as high as 1050 before the following
separatrix hits the septum, but the phase advance has been chosen in order to minimise the
effect of the non-achromatic transfer between the septa.







Horizontal dispersion function [m]
Betatron amplitude functions[m]    horizontal           vertical - - - -







Lattice functions for one superperiod of the ring
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The main parameters of the machine during the extraction are summarised in Table 4.2.
The extraction conditions vary slightly with the extraction energy.  This is caused mainly
by the change of the circulating beam emittances due to adiabatic damping.  The settings
given below are optimised for the extraction of protons at 60 MeV.
\
 Machine parameters for resonant extraction
Horizontal tune (central orbit) 1.66666
Vertical tune (central orbit) 1.72000
Horiz. chromaticity  (resonance condition) -3.945
Vert. chromaticity  (resonance condition) -1.03
Effective magnetic length of sextupoles [m] 0.20
Sextupole families 3






2 units 2 units 1 unit
Normalised strengths of sextupoles [m-3] 2.206572 -0.991832 10.130000
Nom.strengths  proton 1st extraction [T/m2] 2.508897 -1.127724 11.517925
Nom. strengths  proton top extraction [T/m2] 5.366623 -2.412243 24.637263
Nom. strengths carbon 1st extraction [T/m2] 7.180212 -3.227433 32.963141
Nom. strengths carbon top extraction [T/m2] 14.004343 -6.294812 64.291580
Maximum strength (nominal+2%) [T/m2] 65.57741
Electrostatic septum kick [rad] 0.0025
Effective length of electrostatic septum [m] 1.0000
Table 4.2.  Machine parameters for resonant extraction.
4.4.1 Conditions at the electrostatic septum
The resonance is set up to satisfy the Hardt Condition with negative chromaticity.  This is
intended to ensure the stability of the stack against transverse instabilities below transition.
The extraction separatrices at the electrostatic septum are superimposed for Qcx = -3.95.
Figure 4.7 shows the separatrices at the electrostatic septum (protons 60 MeV, total
geometrical emittancehoriz 8.26 S mm mrad), the curvature is due to higher-order sextupolar
effects.  It can be seen that the emittance of the extracted beam is much smaller than the
one of the circulating beam.  All simulations were performed with NORMEX [22].
       
            real phase space              normalised phase space (units mm-1/2)
Figure 4.7.  Hardt condition at electrostatic septum.
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At the entry to the electrostatic septum, the extraction separatrices are aligned with the
row of wires that form the septum.  The wires are 0.1 mm in diameter.  The spiral step for
the zero amplitude (on-momentum) particles is set to 10 mm, which implies a minimum
particle loss of 1% on the septum.  Each 0.1 mrad error in the angle of the separatrices at
the electrostatic septum represents an extra ~1% beam loss along the septum.
Figure 4.8 shows the situation at the entry to the electrostatic septum in schematic
form, first for the on-momentum particles and then for the off-momentum (large-
emittance) particles.  Tables 4.3 and 4.4 give the quantitative values for the extracted
momentum spreads, the spiral steps and angles of the separatrices for the protons and for
the ions respectively.  Those particles that are exactly on resonance have a spiral step of
10 mm, but the off-resonance particles have a smaller spiral step.  The latter particles have
a large emittance and by virtue of this emittance fall within the resonance stopband.  The
action of the resonance is to convert the original transverse emittance into a momentum
spread of the extracted beam.  The size of the momentum spread is determined by the
Hardt Condition and the initial transverse emittance.
Figure 4.8.  Extraction at the electrostatic septum.
Spiral steps, extracted momentum spreads and separatrix geometry (protons)
Inner edge of beam Outer edge of beam
60 MeV 250 MeV 60 MeV 250 MeV
On-momentum particles
Radial position[m] wire thickness 0.1mm 0.0351 0.0351 0.0450 0.0450
Angle [rad] 0.00059 0.00059 0.00044 0.00044
Spiral step [m] 0.010024 0.010024
Maximum momentum spread extracted -0.00115 -0.000864
Radial position[m] wire thickness 0.1mm 0.0351 0.0351 0.0403 0.0419
Angle [rad] 0.000590 0.000621 0.000494 0.000502
Spiral step [m] 0.00525 0.00695
Table 4.3.  Spiral steps, extracted momentum spreads and separatrix geometry (protons).
Septum wires (0.1 mm dia.)
(a)  Extracted particles that
are exactly on resonance
(b)  Extracted particles that
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Spiral steps, extracted momentum spreads and separatrix geometry (carbon ions)
Inner edge of beam Outer edge of beam
120 MeV/u 400 MeV/u 120 MeV/u 400 MeV/u
On-momentum particles
Radial position[m] wire thickness 0.1mm 0.0351 0.0351 0.0450 0.0450
Angle [rad] 0.000590 0.000590 0.00044 0.00044
Spiral step [m] 0.010024 0.010024
Maximum momentum spread extracted -0.00112 -0.000871
Radial position[m] wire thickness 0.1mm 0.0351 0.0351 0.0405 0.0419
Angle [rad] 0.000593 0.000618 0.000494 0.000497
Spiral step [m] 0.00593 0.006917
Table 4.4  Spiral steps, extracted momentum spreads and separatrix geometry (carbon ions).
4.4.2 Conditions at the magnetic septum
The zero-amplitude, on-resonance particles trace a band starting at about 10 mm width at
the electrostatic septum and diminishing to 4 mm at the magnetic septum.  The finite-
amplitude particles trace a similar, but narrower, band (see Figure 5.12).  All the extracted
particles are contained within the extremes of these two bands.  At the entry to the
magnetic septum (Figure 4.9), the transverse positions of these bands must be compared to
the separatrix that is still circulating in the machine to determine the gap into which the
magnetic septum must fit.  Tables 4.5 and 4.6 summarise the geometry of these bands at
the septum.
Geometry of the separatrices as they enter the magnetic septum (protons)
Inner edge of beam Outer edge of beam
60 MeV 250 MeV 60 MeV 250 MeV
On-momentum particles
Radial position [m] 0.0509 0.0509 0.0561 0.0561
Angle [rad] -0.000406 -0.000406 -0.001149 -0.001149
Maximum momentum spread extracted -0.00115 -0.000864
Radial position [m] 0.0475 0.0486 0.0500 0.0521
Angle [rad] -0.001116 -0.000921 -0.001513 -0.001444
Table 4.5.  Extracted parts of the separatrices at entrance to the magnetic septum (protons).
Geometry of the separatrices as they enter the magnetic septum (carbon ions)
Inner edge of beam Outer edge of beam
120 MeV/u 400 MeV/u 120 MeV/u 400 MeV/u
On-momentum particles
Radial position [m] 0.050900 0.050900 0.0561 0.0561
Angle [rad] -0.000406 -0.000406 -0.001149 -0.001149
Maximum momentum spread extracted -0.00112 -0.000871
Radial position [m] 0.0476 0.0486 0.0503 0.0520
Angle [rad] -0.001096 -0.000927 -0.001508 -0.001449
Table 4.6. Extracted parts of the separatrices at entrance to the magnetic septum (carbon ions).
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            real phase space              normalised phase space (units mm-1/2)
Figure 4.9.  Extraction geometry at magnetic septum.
The fact that the transfer between electrostatic and magnetic septa is not fully achromatic
is visible in Figure 4.9.  The gaps between circulating and extracted parts of the extraction
separatrices for zero amplitude and maximum amplitude particles are of the same absolute
size but appear at different positions and angles.
4.4.3 Gap for the magnetic septum
The kick of the electrostatic septum opens a gap at the magnetic septum.  The
superposition of the different orbits in Tables 4.5 and 4.6 leaves a free space of 18.7 mm
with respect to the circulating separatrix which is at 28.8 mm at this position.  The kick
required from the electrostatic septum is 2.5 mrad which corresponds to a very modest
septum voltage of 34 kV/cm at the highest extraction energy (400 MeV/n carbon ions). 
The trajectories that define this gap are the 60 MeV protons with zero momentum
deviation in the circulating separatrix and the 60 MeV protons in the extracted beam with
the largest momentum deviation (Gp/p = -0.00115), but the result is virtually unchanged if
only the carbon ions are considered.  Figure 4.10 shows how this space will be used to
insert the magnetic septum.  The vacuum chamber is divided into two channels, one for the
circulating and one for the extracted beam.  This allows the magnetic septum to be situated
outside the vacuum which is preferable because of the water cooling system and the
outgasing of the insulation.

















The main parameters that determine the phase-space geometry for a third-integer
resonance are the chromaticity and the resonance excitation, both of which are controlled
by sextupoles.  To simplify operation, especially in a hospital environment, one would like
to have independent handles on these two parameters.  This is achieved by placing the
resonance sextupole in a dispersion-free straight section, so that it has no chromatic effect.
The horizontal phase-space geometry at the resonance sextupole is shown in Figure 4.11,
the extraction separatrices are directed downwards.
       
            real phase space              normalised phase space (units mm-1/2)
Figure 4.11.  Separatrix geometry at the resonance sextupole.
In order to minimise the coupling between horizontal and vertical motion, introduced by
the sextupole, see equation (2.12), the position for the sextupole should be chosen such
that the ratio of vertical and horizontal beta functions is small.  For the medical
synchrotron, the resonance sextupole is positioned in one of the dispersion-free straight
sections where this ratio has its overall minimum for the whole machine (Figure 4.6).
For an independent control of the chromaticity, the two-fold symmetry of the lattice
and the tune being close to an even number is used (see Section 2.9).  The horizontal and
vertical chromaticities are corrected with two sextupole families, each family has two
magnets.  The sextupoles are placed on opposite sides in the ring so that the resonance
driving term is zero.  To get some degree of orthogonality for the correction, the
horizontal chromaticity sextupoles are in ‘large Ex -small Ez’ regions whereas it is the
converse for the vertical ones (Figures 4.5, 4.6).  The chromaticity correction is best
illustrated graphically.  Figure 4.12 shows the change of horizontal and vertical
chromaticities when increasing the currents of the horizontal and vertical chromaticity
sextupoles by one arbitrary unit.  To have orthogonal vectors is impossible as the beta
functions always have finite, positive values.  However, the angular spacing of 46° allows
adjustment of the chromaticities over a wide range, while avoiding very strong sextupoles.











The extraction conditions are important for the stability of the beam spot at the
patient and the uniformity of the spill.  The extraction is performed by slowly accelerating
the beam into the resonance.  This is done by ramping a betatron core, where the beam
acts like a secondary winding in a transformer [19].  During the extraction, the machine
conditions and power supplies are maintained constant.  Since all magnetic elements have
constant settings, the supplies are working under ideal conditions for the efficiency of their
active filters, thus reducing the current ripple to a minimum.  The betatron core power
supply will be the only active element during extraction and particular care can be devoted
to the optimisation of its performance.
Keeping the lattice parameters constant and moving the beam into the stationary
resonance is an essential requirement for a stable spill since it avoids the need for dynamic
correction of orbits, tune and resonance excitation and delivers a beam of constant size






























that is based on the largest beam that will be used.  This envelope determines the ‘good-
field’ region of the magnets.  In general, the largest beam occurs at injection.  During
acceleration the beam shrinks due to adiabatic damping and generally, the smallest beam
occurs at the top energy, making it possible to relax the field quality specifications when
the magnets saturate.  Once the basic envelope is decided, the additional margins for
injection/extraction, collimation, alignment tolerances, etc. are added.
The above method depends on the space ascribed to the different components.  In
general the beam size is characterised by the standard deviation V of the distribution,
V E
Vy y yE ,1 , (5.2)
where Ey,1V is the one-sigma beam emittance.  The ‘rule-of-thumb’ says that the aperture
will be at approximately 4 to 5 V in high-intensity machines and at 3 to 4 V in low-intensity
machines.  In high-energy physics storage rings, the required aperture can be as large as
10 V around detectors, where low background is of importance.
In a medical machine, the situation is somewhat more complicated, due to the slow
extraction.  The ‘good-field’ region required for the separatrices becomes the first
consideration in the horizontal plane.  The separatrices occupy the same horizontal space
(determined by the radial position of the electrostatic septum) at all extraction energies and
this removes the usual bonus of being able to reduce the size of the ‘good-field’ region at
top energy.  The vertical size of the separatrices is greatest at the minimum extraction
energy and this space is required right to the radial edge of the aperture.  The ‘waiting’
stack, from which the separatrices grow, is off-centred.  Whether the separatrices
determine the vertical aperture, or the beam at injection, depends on the particular machine
and extraction design.
It is therefore necessary to plot in detail:
x The separatrices at the lowest extraction energy and
x The acceptance available for the beam at injection.
5.1 Overview of the aperture
Figure 5.1 gives a schematic view of the synchrotron aperture at the position of the
electrostatic septum (ES) during extraction.  The extraction is made to the outside of the
chamber.  The ‘waiting’ stack is in the inner half of the chamber and the resonance is
positioned at the chamber centre to ensure a balanced growth of the separatrices.  The
beam at injection determines the physical vertical aperture and the ‘good-field’ region and
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the separatrices determine the physical horizontal aperture and ‘good-field’ region.  In
order to specify the horizontal aperture, it is first necessary to decide two key dimensions:
x the maximum spiral step into the septum        = 10 mm,
x the radial position of the electrostatic septum = 35 mm.
These choices are a compromise between three parameters:
   - a reasonably sized spiral step to minimise particle losses on the electrostatic septum,
   - a not too strong resonance sextupole to maintain the linearity of the separatrices,
   - a not too wider aperture (horizontal ‘good-field’ region) to limit costs.
              
10 mm35 mmResonance
x
z‘Waiting’ stack Separatrices ES
Figure 5.1.  Schematic view of the aperture at the electrostatic septum.
For the determination of the synchrotron aperture, the following basic choices will also be
applied:
x the maximum horizontal closed-orbit margin  = r10 mm,
x the maximum vertical closed-orbit margin       = r7.5 mm,
x the total size (100%) of the beam = r5 V (2dim. elliptical beam model),
x shadow regions for collimation will be set to approximately half the maximum
     closed-orbit margin i.e. r5 mm horizontally and vertically.
The maximum allowable closed-orbit margins and the shadow regions are set at the
positions with the maximum betatron amplitude functions and are then scaled by the
square root of the betatron amplitude functions around the machine.
The ‘good-field’ region must cover the separatrices and the circulating beam.  The
latter requires some additional space for protection of the vacuum chamber (collimation),
fast dumping and injection.  The separatrices do not require any space for chamber
protection, but they do include the space for extraction.
In high-intensity machines the shadow or collimation region should be at least equal
to the maximum allowable closed-orbit distortion.  In a low-intensity machine, collimation
is useful, rather than essential, and a much smaller margin is acceptable.  The shadow
behind the collimation block protects the vacuum chamber, pickup electrodes etc. and
provides space that might be required for a fast internal dumping system.  The shadow can
occupy the ‘poor-field’ region of the magnets.
                                               
Particle loss: a septum wire diameter/spiral step, normalised  sextupole strength: v spiral step, horiz. aperture requirements: v spiral step.
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5.2 Horizontal aperture for separatrices
Figure 5.2 shows the last three turns (super-positioned) of the edge of the separatrix that
just escapes the electrostatic septum, corresponding to a particle that just missed the
septum.  There are two traces: one for zero-amplitude particles that are exactly on
resonance and one for particles with the maximum emittance at extraction
(Ex = 8.26 S mm mrad, Gp/p = -0.00115, protons at 60 MeV).  It is important that the
separatrices move in the ‘good-field’ region, since changes in the field quality between low
and high energy will cause changes in extraction losses and movements of the beam over
the three last turns.  Generally in a dipole magnet the field at the edge of the ‘good-field’
region is increasing at low field and decreasing at high field, compared to the nominal
value.  These changes would be non-linear due to saturation in the magnets and their
compensation would complicate operation.  This problem does not occur in a machine
with a fixed extraction energy but in a medical machine the extraction flat tops can vary
over a large range during a single treatment.
Dist. [m]





Figure 5.2.  The last 3 turns of the separatrices before interception by the electrostatic septum.
Table 5.1 summarises the maximum and minimum excursions of the separatrices
over the last three turns.  The same excursions are also shown with the closed-orbit margin
(10 mm scaled from Ex,max).  The maximum and minimum in this list determines the overall
horizontal aperture requirement.













Inside Dipoles 0.0502 0.0410 -0.0480 -0.0573
Outside Dipoles 0.0580 0.0480 -0.0514 -0.0614
Table 5.1.  Maximum horizontal excursion of separatrices.
The overall requirement for the physical aperture and the ‘good-field’ region is -61.4 mm
to +58.0 mm for the separatrices.  This requirement is true at all field (energy) levels,
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5.3 Horizontal envelope of injected beam
The carbon-ion beam at injection (7 MeV/n) has a larger emittance than the proton beam
(20 MeV injection) and will be considered for the aperture requirements.  The stack can be
moved off-axis to maximise the available space and then re-positioned before the
extraction, once it has shrunk adiabatically.
Figure 5.3 shows the aperture occupied by the beam at injection just after the rf
trapping.  The full momentum spread of the beam has been set to 0.005 and the fractional
relative momentum offset from the central orbit is -0.00179, to push the beam to the inside
in dispersion regions.  The horizontal and vertical 1V emittances are 6.53 S mm mrad.  The




     74.0400  0.0000
Dist. [m]
     74.0400  0.0000
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Figure 5.3.  Envelopes of the carbon ion beam at injection, 7 MeV/n after rf trapping.
Table 5.2 presents the maxima of the horizontal beam envelope with an additional r10 mm
closed-orbit margin added to the outer and inner beam edges and a further 5 mm
collimation shadow added to the inner edge in the horizontal plane.  All margins are
quoted at Ex,max and scaled with the square root of Ex around the machine.
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Inside Dipoles 0.0328 0.0235 -0.0441 -0.0496 -0.0524
Outside Dipoles 0.0352 0.0252 -0.0476 -0.0534 -0.0563
Table 5.2.  Horizontal envelope for the carbon ion beam with closed-orbit and collimation margins.
The overall horizontal aperture requirements for the carbon beam at injection are:
x -53.4 mm to +35.2 mm for the ‘good-field’ region and
x -56.3 mm to +35.2 mm for the physical aperture,
which is just within the limits for the ‘good-field’ region set by the separatrices, as can be
seen from Table 5.1.
The electrostatic septum is limiting the horizontal aperture in the outer half of the
chamber.  In order to make full use of the available space, the stack has been adjusted with
respect to the septum to have only the closed-orbit margin as clearance.  This is shown
schematically in Figure 5.4.
Figure 5.4.  Schematic view of the horizontal aperture for the carbon ion beam at injection.
Normally the collimation margin would also be applied to the outer edge between the
beam and the electrostatic septum.  However, it is not practical to create a shadow with a
collimator to protect the electrostatic septum.  The superposition of the outer edge of the
beam at injection with its 10 mm closed-orbit margin and the separatrices, again with
10 mm margins for closed-orbit distortion, shows only one place in the lattice where the
stack extends beyond the separatrices.  The separatrices reach to only 0.020 m and the
stack to 0.022 m giving a 2 mm margin.  This is not sufficient for reliable and easy
operation.  There is therefore a possibility that the electrostatic septum may be hit by the
circulating beam following a faulty manipulation or an equipment failure.  If this occurred,
the beam loss would be distributed around the machine circumference rather than being
concentrated in a collimator block, but it is unlikely that the electrostatic septum would be





margin at Emax5 mm collimation
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5.4 Vertical envelope of injected beam
Figure 5.3 also shows the vertical envelope of the injected stack.  It is necessary to add the
closed-orbit margin of 7.5 mm (scaled from Ez,max) and a collimation space of 5 mm (scaled
from E
 z,max).  The maxima of the vertical beam envelope at injection are given in Table 5.3.










Inside Dipoles 0.0211 0.0282 0.0331
Outside Dipoles 0.0219 0.0294 0.0344
Table 5.3.  Vertical envelope for the injected stack with closed-orbit and collimation margins.
The overall vertical aperture requirements for the carbon beam at injection are:
x r34.4 mm for the physical aperture and
x r29.4 mm for the ‘good-field’ region.
\]
The horizontal ‘good-field’ region is independent of the energy, since the size of the
separatrices is determined on purely geometric grounds.  The vertical ‘good-field’ region,
however, reduces with increasing energy due to adiabatic damping.  The vertical ‘good-
field’ requirements, including a 7.5 mm closed-orbit margin, for the ‘waiting’ stack at top
energy (400 MeV/n carbon) are: 14.5 mm inside dipoles and 15.1 mm outside dipoles.
5.5 Vertical aperture inside dipoles
It is an advantage to reduce the dipole gap height as far as the local envelopes will allow.
Figure 5.5 summarises the vertical aperture inventory for the dipoles.  An alignment
tolerance, the vacuum chamber wall and space for a bakeout jacket have been added to
determine the magnet gap.
Space Height
Pole -
Alignment 2 mm 40 mm
Bakeout jacket 4 mm 38 mm
Chamber 2 mm 34 mm
Collimation,
pickup plates etc.
3.8 mm 32 mm
Dump shadow 28.2 mm
Closed orbit 7.2 mm
Edge  V 21 mm
Beam 21 mm
Figure 5.5.  Aperture inventory and determination of dipole gap.
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It is interesting to re-analyse this aperture in terms of beam sigma and percentages of the
magnet gap to compare with some ‘rules-of-thumb’.  This is done in Figure 5.6.
Height





32 mm 3.5 V
Good-field
Beam + closed orbit
28.2 mm 3 V
70 % of
dipole gap
Figure 5.6.  Analysis of dipole aperture.
Thus the dipole gap is 4.3 V the ‘good-field’ region is 3.5 V, which is 70% of the gap
height.  Over the central orbit in the centre of the dipole, the ‘good-field’ region extends
right up to the pole, but at the radial edge of the aperture a sextupole distortion appears
(see Figure 6.8) and this ratio becomes important.
From Table 5.3, the local vertical aperture requirements inside the dipoles for the
‘waiting’ stack (calculated at injection) are:
x r28.2 mm for the ‘good-field’ field region and
x r33.1 mm for the physical aperture (including shadow region).
5.6 Summary of aperture and ‘good-field’ region
Physical aperture
Based on the above, two vacuum chambers have been chosen:
x Inside main dipoles:    130 mm u 64 mm with a 2 mm wall,
x Outside main dipoles:  140 mm u 74 mm with a 2 mm wall.
‘Good-field’ region
x Inside main dipoles,     114 mm (all field levels)u 56 mm (injection) to 29 mm (top
energy)
x Outside main dipoles,  120 mm (all field levels)u 60 mm (injection) to 30 mm (top
energy)
The field qualities required in the ‘good-field’ region are quoted in Table 6.2.  It should be
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5.7 Vertical aperture across the chamber
In most machines, it is accepted that the beam will have an elliptical cross-section
and that any particles that may have had large amplitudes in both transverse planes will
have been lost somewhere along the injection chain.  For this reason, it is often
unnecessary to insist on the full height of the vertical aperture across the whole radial
aperture.
The separatrices and the off-centred stack in a medical synchrotron, however, do
require a fuller vertical aperture across the chamber.  Fortunately the off-centred stack
does not extend right to the radial edge of the aperture and the separatrices, even at the
lowest extraction energy, have shrunk due to adiabatic damping.
5.7.1 ‘Super-ellipse’ chamber
A rectangular vacuum chamber provides the best aperture, but it requires a thick
wall to withstand the atmospheric pressure.  Apart from the cost of the extra non-magnetic
stainless steel, a thicker wall means an increase in the dipole gap height and, still more
important, a lower resistance to eddy currents during ramping of the magnets.  The wall-
thickness has been somewhat arbitrarily set to 2 mm but assuming that there would be no
loss in reliability, it would be an advantage to reduce this thickness to its minimum value.
An elliptical chamber is structurally better than a rectangular one, but the vertical
height reduces too rapidly with radial position.  A compromise is the ‘super-ellipse’ of the
form |x/a|3+|y/b|3=1, as sketched below in Figure 5.7.  The form |x/a|2.5+|y/b|2.5=1, might
also be a reasonable compromise.
Horiz. [m]
      0.0700     -0.0700
0
Figure 5.7.  ‘Super-ellipse’ cross-section for the vacuum chamber.
5.8 Apertures in two dimensions
The influence of the local chamber curvature is most easily checked graphically.
This has been done in a series of diagrams in Figures 5.8, 5.9, 5.10 and 5.11 that trace the
loci of the ‘corners’ of the injected beam and the separatrices through all the elements of
the machine within the various chambers.  This is a true representation for the separatrices,
but it is somewhat pessimistic to assume a ‘rectangular’ cross-section for the beam at
injection.
The Figures below provide quick visual impressions of the usage of the aperture and
how well that usage is balanced.  In fact, certain of the curves touch, or even cross the
chamber boundary by a small amount.  Thus, the beam is closely fitting the chamber.
Vert. [m]  0.037
           -0.037
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(c)  The ‘waiting’ stack with its closed-orbit and collimation margins.
Figure 5.8.  Loci of the ‘corners’ of the carbon ion stack at injection (7MeV/n) outside the dipoles.
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(c)  The ‘waiting’ stack with its closed-orbit and collimation margins.
Figure 5.9.  Locii of the ‘corners’ of the carbon ion stack at injection (7MeV/n) inside the dipoles.
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When calculating the aperture, the closed-orbit and collimation margins are soft limits and
there is a natural tendency to be generous in order to be on the safe side.  This costs little
in the horizontal plane, where the safety margin extends into the ‘poor’ field regions of the
magnets.  In the vertical plane inside the dipoles, the situation is less comfortable since the
gap height directly affects the dc power dissipation.  For this reason, the aperture has been
regarded more frugally.  Since particle losses will not be a major problem and no
equipment is foreseen within the dipoles, the vacuum chamber has been allowed to enter
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(b)  The separatrices with their closed-orbit margin (‘good-field’ region).
Figure 5.10.  Loci of the ‘corners’ of the separatrices outside the dipoles for protons at
 lowest extraction energy 60 MeV.
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(b)  The separatrices with their closed-orbit margin (‘good-field’ region).
Figure 5.11.  Loci of the ‘corners’ of the separatrices inside the dipoles for protons at
  lowest extraction energy 60 MeV.
5.9 Extraction channel
Figure 5.12 shows the short section of lattice between the electrostatic and magnetic septa.
The four traces represent the extreme orbits of the ‘slice’ of beam, deflected by the
electrostatic septum (2.5 mrad kick), for the zero and maximum emittance particles.  It can








Figure 5.12.  Limits of the extracted beam between the electrostatic and magnetic septa.
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5.10 Comparison of vacuum chambers
In the following Figures, the aperture requirement of the carbon beam at injection is
shown in three different chambers.  The ‘super-ellipse’ with the cubic power just contains
the beam with its closed-orbit and collimation margins.  The curve with the power 2.5 is
almost as good, but the standard ellipse does not quite contain the specified aperture.










-80 -70 -60 -50 -40 -30 -20 -10 0 10 20 30 40 50 60 70 80
Figure 5.13.  Stack outside dipoles with closed-orbit and collimation margins in chamber
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Figure 5.14.  Stack outside dipoles with closed-orbit and collimation margins in chamber
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Figure 5.15.  Stack outside dipoles with closed-orbit and collimation margins in chamber





Draft designs have been made for the main lattice magnets (dipoles and quadrupoles) to
give an estimation of the space and power converter requirements.  The pole profiles were
derived from two-dimensional, magnetic-field calculations.  For the quadrupole magnets,
three-dimensional calculations are indispensable as their magnetic length is comparable to
the aperture and therefore the end fields will be important [23].  For the dipole, it may be
possible, and more correct, to maintain the two-dimensional design and to shim the magnet
ends to correct for fringe field effects.  No account has yet been taken of the eddy current
losses within the coils themselves.  The flow chart below gives a schematic view of the
different steps in the design process.




Current density in coil
Magnet geometry, pole shape
Field program (high field)





 by  turn number and
cross section of coils
 fixes power supply
Aperture Beam rigidity
3-D field calculations,
effects of fringe fields,
compensation by pole shaping
or end shimming
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The starting parameters for a first magnet design are the magnet gap height or aperture
(fixed by the beam size and aperture considerations) and the field or gradient range (fixed
by the maximum magnetic rigidity of the beam) that have to be provided.  The magnetic
rigidities for the medical synchrotron are quoted in Table 6.1.
Magnetic rigidities protons and carbon ions
Energy [MeV/n] Magnetic rigidty [Tm]
Injection protons 20 0.649639
First extraction protons 60 1.137011
Top extraction protons 250 2.432109
Injection carbon 7 0.761321
First extraction carbon 120 3.254012
Top extraction carbon 400 6.346651
Table 6.1  Magnetic rigidities for the medical synchrotron
The design of the magnets and power converters is therefore determined by:
x Protons at injection energy (minimum rigidity).
x Ions at top extraction energy (maximum rigidity).
One of the first steps when designing a magnet is the estimation of the coil current
required to obtain the maximum field or gradient level.  The magnetic field H is linked to
the current density j by Maxwell’s equation
u  H j , (6.1)
which can be rewritten in integral form as
H s j Sd d
C S
³ ³ . (6.2)
When choosing an integration path that includes the coil region, the right-hand side of
equation (6.2) is simply the total current flowing through the coil.
A dipole magnet with flat, parallel poles generates a homogeneous flux density B0 in






        and        H Bgap  0
0P
, (6.3)
where Pr and P0 are the magnetic permeabilities of iron and vacuum respectively.  With
Pr >> 1 it follows from (6.2)
H sd | ³ H hgap gap
C
, (6.4)
and the coil current needed to drive the field is found to be





It should be noted that, in this derivation, fringe fields and iron saturation effects are
neglected.  A schematic view of a dipole magnet with the path of integration to compute
the coil current  is shown in Figure 6.1.
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For a quadrupole magnet, the ideal pole shape is of the form of a hyperbola, xz = constant.
Magnets with such a pole contour will create a field that is increasing linearly with
deviation from the axis,
xGBz           and        zGBx  , (6.6)
with G being the quadrupole gradient.  By choosing a suitable integration path, as shown
in Figure 6.2, the current needed to obtain a certain gradient can be calculated in a similar
way to the dipole case above.  A more detailed derivation is given in [4].
In order to simplify the beam optics calculations the so-called ‘hard-edge model’ is
used.  In this model, the integral of the field or multipole through the magnet is replaced by
the central value times an effective magnetic length, "eff.  In conventional magnets, the
effective field lengths generally exceed the iron lengths.  Equations (6.8) and (6.10) are
approximations for the effective field lengths in dipole and quadrupole magnets whose
gaps or inscribed apertures are small as compared to the iron yoke lengths.  The exact
longitudinal field shape has to be computed using a three-dimensional field program.





0 7 1 3. .h heff irongap gap  " " (6.8)
Figure 6.1.  Cross-section of a dipole magnet with integration path to compute the coil current.






0 6. R Reff iron  " " (6.10)
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With the knowledge of the maximum coil currents, the required copper cross-sections of
the coils can be estimated.  Typical current densities for water-cooled coils are in the order
of 3 to 4 A/mm2.  To obtain the geometrical area that has to be reserved for the coil, the
so-called filling factor has to be taken into account.  The filling factor is defined as the
ratio of the net copper area of the coil and the total coil cross-section, mainly depending
on the conductor geometry, the number of turns in the coil, the insulation thickness,
alignment tolerances and the cooling hole for a water-cooled coil.  For the first iteration a
filling factor of 0.7 was assumed.
The two-dimensional field calculations were made using the MERMAID 2D
software package [24].  The program is based on the finite element method and uses a
regular triangular mesh.  The field calculations are performed by minimising the stored
electromagnetic energy in the system.
6.2 Magnet specifications
An important aspect of magnet design is the formulation of criteria that define the field
quality required within the beam aperture.  The usual approach is to evaluate the effect of
errors on different aspects of machine performance and then to choose the condition that
imposes the tightest tolerances.  It is necessary to distinguish between systematic and
random errors, between field uniformity in a single unit and variation between units and to
consider the relative importance of other sources of error.  It is also natural at this stage to
set mechanical tolerances on the magnet lengths and filling factors and to specify the
absolute precision and reproducibility of the current settings.  A summary of the field
specifications and the mechanical tolerances for the main dipole and quadrupole magnets is
given in Table 6.2.  The detailed derivation of the magnet specifications can be found
in [25].



























Table 6.2.  Specifications for main dipole and quadrupole magnets.
                                               

 
The packing factor is defined as the ratio of the true iron length of the magnet to the lamination stack
length.  The absolute value of the packing factor is relatively unimportant and is determined after the first
one or two units are constructed.  Thereafter the tolerance is applied with respect to this value.
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6.3 Main dipole magnet
The main dipole magnet of the medical synchrotron has to provide a maximum field of
1.4 T at the highest extraction energy (400 MeV/n carbon ions).  From equation (6.7) it
can be seen that the current increases linearly with the magnet gap height.  For this reason,
the vertical aperture was kept as small as possible.  The synchrotron is a low-intensity
machine and as there will be no equipment (e.g. pick up electrodes) inside the dipoles, a
part of the collimation margin was removed as shown in Figure 5.9 (c), resulting in a final
gap height of  80 mm.
The design of the magnet is based on the machine cycle shown in Figure 6.15.  The
synchrotron will be ramped from the proton injection field of 0.143 T to the maximum
field of 1.4 T within 0.5 s, thus the maximum ramp rate for the main dipole will be
2.514 T/s.  This rate of field change will require the magnet to be laminated in order to
limit the generation of eddy currents.  The calculation justifying the lamination thickness
has not yet been made, but experience suggests that 1.5 mm will be adequate.  The
laminations have to be phosphated to increase the inter-lamination resistance.  The magnet
is assembled from two half-cores that are bolted together, so that the magnet can be
opened.  Each half is made from a stack of laminations that are held by external tie bars
that are welded to the stack of laminations and to end plates 35 mm thick.  If made from
magnetic material, the thicker end plates of the magnet would carry much higher eddy
currents with longer time constants than the laminated core.  To avoid the consequent
perturbation in the field quality, the end plates are made from non-magnetic stainless steel.
The tie bars, as shown in the drawings, are not optimised.  The side bars will probably be
lowered and the single top tie bar will be replaced by two bars.
Figures 6.3 to 6.5 show the dipole lamination, the magnet and coil geometry. The
coil construction and the conductor geometry is shown in Figure 6.6, the main parameters
of the coil and the coil cooling are summarised in Table 6.3.  Figure 6.7 is an output of the
magnet program, showing the flux line distribution in the main dipole magnet cross-section
at highest and lowest field.  A significant difference between high and low field is clearly
visible just at the corners of the coils.  At high field the flux is pushed away from the coils
into the iron yoke which is due to the saturation of the iron around the corners, resulting in
an increased magnetic resistance.  This effect reflects itself in the dipole field uniformity,
shown in  Figure 6.8.  It can be seen that the magnet characteristic changes, areas with too
low and too high fields exchange their positions.
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Figure 6.3.  Main dipole magnet lamination (dimensions mm).
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Figure 6.4.  Main dipole magnet geometry (dimensions mm).
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Figure 6.5.  Main dipole magnet coil geometry (dimensions mm).
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Figure 6.6.  Main dipole magnet conductor dimensions and coil construction (dimensions mm).
Main dipole magnet coil parameters
conductor size 33 x 27 mm2
effective copper area 809 mm2
cooling hole diameter 10 mm
average length per turn 5.63 m
number of turns per coil 15
length of coil 84.5 m
number of coils per magnet 2
length per magnet 169 m
total coil area 15530 mm2
total copper area 12135 mm2
filling factor 0.7813
Cooling circuits 1 per coil
max. current 3033 A
max. current density 3.75 Amm-2
max. power dissipation per coil 17570 W
water pressure drop 7 bar
water flow 12 l/min
water temperature in 20qC
temperature raise <20qC
Table 6.3.  Main dipole magnet coil parameters.
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Figure 6.7.  Flux lines in main dipole magnet at highest and lowest field.
Map of fluxlines in dipole, lowest field B = 0.143 T
Map of fluxlines in dipole, highest field B = 1.4 T




The required ‘good-field’ region for the main dipole magnet is ± 57 mm horizontally
and ± 28 mm vertically.  From Table 6.2 the field quality requirement is 'B/B0 < r 210-4,
with B0 being the dipole field in the centre.
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Figure 6.8.  Main dipole magnet field uniformity at highest and lowest field.
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6.4 Main quadrupole magnets
The quadrupole magnets for the synchrotron are grouped in three families, each consisting
of eight magnets.  For economic reasons the same magnet design will be used for all
families.  The aperture radius R of the quadrupole magnets is 85 mm.  Table 6.4
summarises the gradients and the pole-tip fields for the three families.
Main quadrupole magnets gradients and pole tip fields
QF1 QF2 QD
8 units 8 units 8 units
Gradient  (protons)  at injection [T/m] -0.2189 -0.3510 0.3732
Gradient  (protons) top extraction [T/m] -0.8195 -1.3134 1.3974
Pole tip field  (protons)  at injection [T] 0.0186 0.0298 0.0317
Pole tip field  (protons)  at extraction [T] 0.0697 0.1116 0.1188
Gradient  (carbon)  at injection [T/m] -0.2565 -0.4113 0.4374
Gradient  (carbon) top extraction [T/m] -2.1385 -3.4289 3.6465
Pole tip field  (carbon)  at injection [T] 0.0218 0.0350 0.0372
Pole tip field  (carbon)  at extraction [T] 0.1818 0.2915 0.3100
Table 6.4.  Main quadrupole magnets, gradients and pole tip fields.
The proposed construction has four individual quadrants that are bolted together, so
that the magnet can be opened.  Each quadrant is made from a stack of 1.5 mm thick
laminations that are held between 15 mm thick end plates by three tie bolts.  The
laminations are also phosphated for electrical insulation.  The end plates are made from
non-magnetic stainless steel to limit the generation of eddy currents that would otherwise
perturb the field quality.
Figures 6.9 to 6.11 show the quadrupole lamination, the magnet and coil geometry.
The quadrupoles are low field, straight pole units which allows the simplest and cheapest
coil geometry.  The coil construction and the conductor geometry is shown in Figure 6.12.
The main parameters of the coil and the coil cooling are summarised in Table 6.5.  Figure
6.13 shows an output of the magnet program with the flux lines in the quadrupole magnet
at the highest gradient of 3.6465 Tm-1.  The corresponding pole-tip field is 0.31 T.  This
means that the quadrupole magnets are always working well below saturation level.  For
this reason, contrary to the dipole magnet, there are no significant differences in the field
quality between high and low gradients as can be seen from Figure 6.14.
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Figure 6.9.  Main quadrupole magnets lamination (dimensions mm).
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Figure 6.10.  Main quadrupole magnets geometry (dimensions mm).
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Figure 6.11.  Main quadrupole magnets coil geometry (dimensions mm).
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Figure 6.12. Main quadrupole magnets conductor dimensions and coil construction (dimens. mm).
Main quadrupole magnets coil parameters
conductor size 12 x 10 mm2
effective copper area 99.5 mm2
cooling hole diameter 5 mm
average length per turn 1.082 m
number of turns per coil 24
length of coil 25.973 m
number of coils per magnet 4
length per magnet 103.89 m
total coil area 3936 mm2
total copper area 2388 mm2
filling factor 0.61
Cooling circuits (values for QD) 1 per magnet (four coils)
max. current 437.5 A
max. current density 4.39 Amm-2
max. power dissipation per coil 913.4 W
max. power dissipation 4 coils 3653.6 W
water pressure drop 7 bar
water flow 1.7 l/min
water temperature in 20qC
temperature raise <30qC
Table 6.5.  Main quadrupole magnets coil parameters.
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Figure 6.13.  Fluxlines in main quadrupole magnet at maximum gradient (QD).
Map of fluxlines in quadrupole, maximum gradient G = 3.64 T/m




The required ‘good-field’ region for the main quadrupole magnets is ± 60 mm horizontally
and ± 30 mm vertically.  From Table 6.2 the field quality requirement is 'G/G0 < r 510-4
with G0 being the quadrupole gradient in the centre.  Figure 6.14 shows the relative
gradient error across the horizontal half-aperture for different vertical positions.
Quadrupole gradient uniformity























































Figure 6.14.  Main quadrupole magnets gradient uniformity at highest and lowest gradient.
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6.5 Machine cycle and power converters
In order to have reproducible conditions (that is to avoid hysteresis effects), a magnetic
cycle has to be established for the machine.  The magnets are measured on this cycle and
are always used on the same cycle.  For this machine, the magnets will be cycled between
the minimum injection field of 0.143 T (protons at 20 MeV) and the maximum extraction
field of 1.4 T (carbon ions at 400 MeV/n).  This cycle must always be applied and the
extraction will be made on a variable intermediate flat-top.  For determining the power
converter specifications a linear ramp is assumed.  The rise and fall time for the field is
0.5 seconds, the extraction flat-top can have a variable length according to the mode of
operation.  The required voltage from the power supplies can be split into two parts;  a
booster voltage, to drive the field to the required level and a flat-top voltage, to
compensate for the power dissipation in the system.  The booster voltage is fixed by the






the flat-top voltage reaches its maximum at the highest field level and is given with the
resistance R of the load as
U R I tft   ( ) . (6.12)
The power converter specifications quoted in Tables 6.6 and 6.7 are based on the machine
cycle shown in Figure 6.15.  The largest overall voltage appears just when the maximum
field is reached.  In practice, the cycle will always be of a parabolic shape in between flat
and ramping parts to give a smooth function for the overall voltage and thus avoid
overshootings in the field.  Therefore the maximum required voltage will be slightly less
than the values quoted below.
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maximum flat top 1.4 T
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6.5.1 Dipole power converters
The 16 dipole magnets of the synchrotron will be connected in series and powered by a
single power converter.  The main parameters for the dipole power converter are quoted in
Table 6.6.
Main dipole power converter parameters
General electrical parameters
resistance per coil  (30qC) 1.91 m:
resistance per magnet 3.82 m:
resistance total (16 magnets) 61.1 m:
Inductance per magnet 9.17 mH
Inductance total (16 magnets) 146.7 mH
time constant (L/R) 2.4 s
Power converter parameters
minimum current 300 A
maximum current 3033 A
ramping time 0.5 s
linear ramp rate 5466 As-1
ramping voltage begin 802 V
ramping voltage end 986 V
voltage on highest flat top 185 V
maximum power reactiv 2433 kW
maximum power ohmic 561 kW
Table 6.6.  Main dipole power converter parameters.
6.5.2 Quadrupole power converters
The synchrotron lattice contains three quadrupole families. The eight units of each family
will be connected in series and powered by single power converters.  The parameters for
the quadrupole power converters are quoted in Table 6.7, the families QD and QF2 have
very close gradients, the values below are based on QD.
Main quadrupole power converter parameters
General electrical parameters
resistance per coil  (30qC)  4.77 m:
resistance per magnet
 19.1 m:
resistance total (8 magnets) 152.8 m:
Inductance per magnet  5.90 mH
Inductance total (8 magnets)  47.2 mH
time constant (L/R)  0.31 s
Power converter parameters QD and QF2 QF1
minimum current 43.3 A 25.4 A
maximum current 437.5 A 256.4 A
ramping time 0.5 s 0.5 s
linear ramp rate 788.5 As-1 462 As-1
ramping voltage begin 37.2 V 21.8 V
ramping voltage end 104 V 61.0 V
voltage on highest flat top 66.8 V 39.1 V
maximum power reactiv 16.3 kW 5.6 kW
maximum power ohmic 29.3 kW 10.0 kW
Table 6.7.  Main quadrupole power converter parameters.
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6.5.3 Comparison of  extraction conditions
The uniformity of a slowly extracted beam depends critically on the stability of the power
converters.  Power supply ripple is proportional to the maximum voltage that can be
provided and not to the actual set voltage.  This immediately shows a problem of ramped
machines since the ramping voltage is often much higher than the flat-top voltage, as is the
case for the main dipole magnets, see Table 6.8.  A possible solution is the use of a booster
power converter for the ramping and a second, lower voltage power converter, which is
used only on the extraction flat tops.  Fortunately the quadrupoles are low inductance
magnets and therefore the required ramping voltages are rather small.
However, in a dual-species machine, accelerating protons and carbon ions, the
problem reappears with the flat-top power converter.  The smaller magnetic rigidity of the
protons means that they are always extracted at much lower field levels than the carbon
ions and will therefore suffer more power supply ripple.
Comparison of extraction conditions for protons and carbon ions
Main dipole magnets Vmax/Vextr
max. cycle voltage 986 V 1
Ions 400 MeV/n 185 V 5.33
Ions 120 MeV/n 94.8 V 10.40
protons 250 MeV 70.9 V 13.91
protons 60 MeV 33.1 V 29.79
Main quadrupole magnets  (QD , QF2) Vmax/Vextr
max. cycle voltage 104 V 1
Ions 400 MeV/n 66.8 V 1.56
Ions 120 MeV/n 35.2 V 2.95
protons 250 MeV 25.6 V 4.06
protons 60 MeV 12.0 V 8.67
Main quadrupole magnets  QF1 Vmax/Vextr
max. cycle voltage 61.0 V 1
Ions 400 MeV/n 39.1 V 1.56
Ions 120 MeV/n 20.7 V 2.95
protons 250 MeV 15.0 V 4.06
protons 60 MeV 07.0 V 8.67




Treatment of tumours by hadron-therapy is greatly improved if the patient can be
irradiated from different directions.  This task is performed by a gantry, i.e. a section of
beam line that can be rotated around the patient.  The use of a gantry makes it possible to
deliver the radiation dose to the tumour from different directions, so that the entry dose in
the healthy tissue is spread out.  The problem for the machine designer is the matching of
the beam coming from the accelerator (fixed in space) to the rotating gantry as shown in
Figure 7.1.  The matching and the gantry optics have to be designed in such a way that the
beam spot at the patient is independent of the rotation angle.  The matching becomes even
more important in the light of the current development in medical synchrotrons towards










Figure 7.1.  Schematic view of a rotating gantry.
The matching has to fulfil the following requirements independent of the gantry rotation:
x Constant spot size and shape at the treatment volume.
x No correlation between momentum and position.
x No change of the beam optics inside the gantry.
There appear to be only two matching methods, that satisfy all the above requirements and
a third one, that partially fulfils them [26].
x The symmetric beam method severely restricts flexibility by imposing equal emittances
in the transverse planes, equal Twiss-functions and zero dispersion at the entry to the
gantry.
x The rotator method avoids these restrictions but requires an additional section of
bending-free transfer line (the rotator) in front of the gantry.  This section of transfer
line has to be rotated in proportion to the gantry angle.
x The one-to-one gantry method requires a beam that is symmetric in real space and zero
dispersion at the entry to the gantry.  Depending on the angle of rotation the beam
optics inside the gantry changes.
   Chapter 7 Matching to gantries  
________________________________________________________________________________________________________________________________________________________________________________________________________
114
The choice of the matching technique depends strongly on the type of accelerator that is
used.  For proton therapy one has a choice between a cyclotron and a synchrotron but for
ions (e.g. carbon or oxygen) the latter is the only practical solution.  A cyclotron can
deliver beams of quasi-equal emittances in the transverse planes, suitable for all matching
methods, whereas a synchrotron employing slow extraction, delivers asymmetric beams
(small emittance in the plane of extraction, see Section 3.4), which imposes the use of a
rotator.  Since there is no mathematical restriction on the dispersion function when using a
rotator [27], this opens up a completely new approach to gantry design which may lead to
significant simplifications.  For the comparison of the different matching methods a
statistical approach, the so-called sigma matrix formalism [28], gives the maximum
intuitive insight.
 Sigma matrix formalism
Statistical average of a distribution
Consider a vector y, containing the transverse phase-space coordinates of a particle.
The statistical average of any distribution of particles in phase space is then given by the
V-matrix defined as
V  y yT . (7.1)
The elements of the V-matrix are explicitly given by
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x x z z
x xx xz xz
x x x x z x z
zx zx z zz


























  , etc. (7.3)
Properties of the V-matrix
With the 4x4 matrix M, representing a linear transformation,
12 Myy  , (7.4)












V    . (7.5)
and therefore T12 MMVV  . (7.6)
The matrix M can either be a transfer matrix for any linear lattice or a rotation matrix,
describing the rotation of a section of beam line.  The knowledge of the V-matrix at one
point in a linear lattice is therefore sufficient to calculate the V-matrix anywhere else with
the proper transfer matrices, even if parts of the lattice are rotated.
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The transformation relation is complemented by an invariance relation,
yy 1T  VW . (7.7)
With y2 = My1 and (a b)T = bTaT, one can write














   VVVW . (7.8)
The use of the transformation law (7.6) for the V-matrix and (a b c)-1=c-1b-1a-1 gives






  VVV M . (7.9)















Thus, W is an invariant,
Invariant)(111T1212T2 W   yyyy VV . (7.11)
An uncoupled beam
For an uncoupled beam, i.e. no correlations between the two transverse phase spaces, all
elements of the V-matrix coupling the horizontal and the vertical phase space vanish.
Therefore the V-matrix for an uncoupled beam has the form shown below.
Vuc
x xx xz xz
x x x x z x z
zx zx z zz
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The zero terms in the off-axis quadrants mean that there is no correlation between the
(x,xc) and (z,zc)  phase spaces.
The invariant W for an uncoupled beam is formed as shown above, yy 1T  VW ,

















































Thus, for an uncoupled beam the general invariant, W, separates into two independent
invariants, Wx and Wz
W
W W
 c  c c  c  c  c c  cx x xx xx x x z z zz zz z z2 2 2 2 2 2 2 22 2
x z
	 
  	 
 
, (7.14)
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W zzxxyy    VVV . (7.15)
Relation between Twiss and V-matrix formalisms
For an uncoupled beam, it is sufficient to consider just one transverse plane.  The above
derived invariant,
Wx  c  c c  cx x xx xx x x
2 2 2 22 , (7.16)
is of a form, similar to the Courant-Snyder invariant (1.27),
 22 2 xxxxE xxxx cc EDJS . (7.17)
With the definition of the the statistical emittance,
222 xxxxEx cc S , (7.18)





























2  . (7.19)



















, , . (7.20)









Finally, the V-matrix for an uncoupled beam can be written in terms of the Twiss
parameters as,
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It is now possible to evaluate the V-matrix for the uncoupled beam at extraction from the
accelerator.  The V-matrix anywhere downstream (e.g. in the rotator, gantry) can then be
derived by the use of the proper transfer matrices and/or rotation matrices.  The 1V-beam
sizes are simply given by the square roots of the elements V11 and V 33.
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7.2 Symmetric beam method
In the symmetric beam method, the gantry is matched directly to the fixed beam line,
coming from the accelerator, as shown in Figure 7.2.  In order to always obtain the same
beam behaviour inside the gantry, independent of the rotation angle, the beam has to be
symmetric with respect to rotations at the gantry entrance.  The requirements on the beam
and the optics functions can be derived by the use of the V-matrix formalism.
Figure 7.2.  Schematic view of fixed transfer line and gantry for symmetric beam method.
Assuming that the beam coming from the accelerator is uncoupled, the V-matrix at the end
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If the gantry is rotated by an angle D, the positions and angles of all particles just at the
junction can be described in the rotated coordinate system (u,v), fixed to the gantry, by
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The matrix V2 gives the various averages in the rotated gantry coordinate system (u,v) in
terms of the beam parameters of the fixed beam line coordinate system (x,z).
If the gantry is not rotated (D = 0 and sinD = 0), all terms in the off-axis quadrants
are zero and the main terms regain the form of the uncoupled matrix.  Similarly for a
rotation by D = 90°, the matrix V2 is of the same form as the uncoupled matrix but with x
and z interchanged.
If the beam is symmetric with respect to rotations, the matrix V2 must be
independent of the rotation angle D.  Inspection of (7.25) shows that the following
conditions have have to be satisfied at the entry to the gantry:
E Ex x z zE E ,       E Ex x z zD D ,       E Ex x z zJ J . (7.26)
Therefore, for the symmetric beam method, the following beam and optics properties are
required at the point of rotation:
x Equal emittances                    E Ex z (7.27)
x Equal Twiss-parameters         E Ex z ,    D Dx z ,    J Jx z (7.28)
x Zero dispersion function       D D c  0 (7.29)
To have the same Twiss-parameters in both planes is not very limiting in practice but the
constraint of equal emittances is a severe problem, especially for resonant extraction from
a synchrotron.  For this reason the symmetric beam method is best suited for a cyclotron-
based facility.  The dispersion function must be zero at the matching point and at the target
volume in order to avoid a correlation between particle momentum and transverse
position.  This means that the dispersion bump which is created by the gantry bending
magnets has to be closed inside the gantry.
The conditions derived above mean that the beam must be symmetric in real space
and of identical shape in the two transverse phase spaces.  It is not sufficient to have only a
physically ‘round’ beam at the rotation point, as is shown below.  For simplicity a beam
with
D Dx z  0      and     E n Ex z  (7.30)
is considered.  To have a physically ‘round’ beam in transverse space,
E Ex x z zE E (7.31)






and because of D = 0 with the Twiss relationship (7.21)
J Jx zn   . (7.33)
For the symmetric beam method equation (7.26), E Ex x z zJ J , must be fulfilled and it
follows:
E nE n n E E n E Ex x z z z z z z x zJ J J J       
2 1 . (7.34)
Matching to gantries  Chapter 7   
________________________________________________________________________________________________________________________________________________________________________________________________________
119
7.3 One-to-one gantry method
In the one-to-one gantry method, the gantry is matched directly to the beam line coming
from the accelerator as for the symmetric beam method.  The gantry must be a 1:1 or 1:-1
mapping, achromatic structure, with phase advances being multiples of q for both
transverse planes.  For simplicity a gantry with Pu = Pv = 360q is considered.  The transfer


















The rotation of the gantry is described with the rotation matrix RD.  The overall transfer


























At the treatment volume the spot size and shape have to be independent of the rotation
angle.  To derive the required beam parameters at the matching point, it is sufficent to













0T .       (7.37)
Considering a line distribution of particles in
real space with coordinates |x| < x0 and z = 0,
at the end of the fixed beam line, the particle distribution at the target volume can be






























Expression (7.38) means that the beam, seen from the gantry coordinate system, is rotated
at the target volume by the negative gantry angle, - D as shown in Figure 7.3.












gantry entrance target volume
gantry
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This rotation of the beam at the patient cannot be avoided, but if the beam at the gantry
entrance is symmetric with respect to rotations in real space, the patient always ‘sees’ the
same particle distribution.  Therefore
E Ex x z zE E (7.39)
is required at the point of rotation for the one-to-one gantry method.  The dispersion
function has to be zero for the same reasons as mentioned earlier.  The disadvantage of
this matching method is that, unless not all the conditions of the symmetric beam method
are fulfilled, the beam is coupled inside the gantry resulting in:
x Change of beam optics in the gantry.
x Change of beam envelopes in the gantry.
7.4 Rotator method
In the rotator method an insertion containing only quadrupoles is placed just in front of the
gantry.  This section of bending-free transfer line (the rotator) is then rotated in proportion
to the gantry angle.  Figure 7.4 gives a schematic view of the geometry.
Figure 7.4.  Schematic view of the geometry for the rotator method.
7.4.1 Basic theory
Consider a section of bending-free transfer line with betatron phase advances of 360q in



















If this line is rotated physically by half the gantry angle (D/2) with respect to the fixed
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Now, the gantry (angle D is added directly after the rotator.  In order to describe the
positions and angles of all particles in the gantry coordinate system, the overall transfer





























































































0 MRMRM   DD . (7.42)
Equation (7.42) shows the gratifying result that the final overall transfer matrix maps the
incoming normal modes (x,xc) and (z,zc) directly to those of the gantry (u,uc) and (v,vc)



























































When using the rotator method, the dispersion function (D,Dc) is automatically rotated and
matched at the same time since in a bending-free region the dispersion acts like a betatron
oscillation.  This can be used for a simplified gantry design (i.e. fewer quadrupole magnets,
shorter gantry) with non-zero dispersion at the entrance.
It is worth stressing that the above result is mathematically exact under all
conditions. In fact the rotator method imposes no conditions on Twiss parameters,
dispersion function or emittances at the junctions between the different parts of the beam
delivery system (fixed beam line, rotator, gantry).  However, this does not always ensure a
practical solution e.g. from the point of view of beam sizes.  For this reason it is prudent to
design rotators with approximately equal Twiss-functions at the entrance and exit in order
to avoid any exotic beam behaviour.









In the matrix formalism as shown above, the rotator is represented by a 4x4 transfer
matrix.  The only constraint for rotator design derived from this formalism is that the phase
advances in the transverse planes must be 360q and q.  This may give the impression
that designing a rotator is a simple task.  However, one has to be aware of the fact that the
overall transfer matrix does not contain any information about beam sizes, chromatic
effects, etc. inside the structure.
Figure 7.5 shows a FODO rotator consisting of three regular cells.  The horizontal
and vertical phase advances per cell are Px = 120q and Pz = 60q and the section was
matched to the Twiss input parameters: Ex = 2.23 m, Dx = 1.77, Ez = 3.69 m, Dz = -1.85.
The quadrupoles are grouped in two families.  Figure 7.5 (a) shows the Twiss-functions
for the unrotated structure (the design case of the line) whereas in Figure 7.5 (b) the
structure is rotated by 90° corresponding to a gantry angle of 180°.






















Figure 7.5.  Betatron amplitude functions in a FODO rotator (a) not rotated (b) rotated by 90°
Comparison of (a) and (b) dramatically illustrates the problem, inherent in this type of
structure.  A rotation by 90° is equivalent to an exchange of focusing and defocusing
quadrupoles in the unrotated structure.  This in turn leads to very large fluctuations of the
Twiss-functions and beam sizes because of the opposite signs of Dx and Dz at the input.  It
should be noted that this behaviour is not a mismatch, in both cases the input is mapped to
the output correctly, confirming the mathematics.
A regular triplet structure as shown in Figure 7.6 avoids this problem.  This rotator
consists of three regular cells and as for the FODO, only two power supplies are needed.
The phase advances per cell are the same as above but because of the symmetry Dx and Dz
are always zero at the input and inter-cell positions.










Figure 7.6.  Betatron amplitude functions in a triplet rotator.
(a) (b)
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The structure was matched to Ex = Ez = 2.1 m.  Such a type of rotator, matched with
symmetric Twiss-parameters at the entrance ensures a well controlled beam behaviour at
every rotation angle.










Figure 7.7.  Betatron amplitude functions in a doublet/FODO rotator
The rotator shown in Figure 7.7 uses a doublet to match symmetric Twiss-parameters,
Ex = Ez = 4 m, Dx = Dz = 0, into a short FODO channel of only three quadrupoles that
gives the required phase advances.  The two doublets succeed in matching the beam into
this channel in such a way that the exotic beam behaviour of the FODO rotator is
completely subdued.  One advantage of this rotator as compared to the triplet structure is
that only seven quadrupole magnets are needed, on the other hand, the triplet works with
only two power supplies whereas this structure requires four.
7.4.3 Beam sizes in rotators
The V-matrix formalism can be used to study beam sizes in rotating structures, where the
beam is coupled, by simply evaluating the V-matrix at any position along the structure. The




























where C, Cc ,S  and Sc are the elements of the 2x2 Twiss-matrices (Section1.4), sometimes
known as the principal trajectories.  The exact forms are given below.  The subscripts 1
and 2 denote the initial (rotator entrance) and final (any position in the rotator) values
respectively.  All equations exist in both planes with the appropriate Twiss parameters.
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sin cos' ' , (7.46)
                                   S  E E P1 2
1 2/
sin ' , (7.47)













cos sin' ' , (7.48)
where 'P P P 2 1 .
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Assuming that the beam coming from the accelerator is uncoupled, the V-matrix at the end
of the fixed beam line is given by (7.22).  The transformation of the matrix into the rotator
coordinate system is done with the rotation matrix (7.24) according to
T
12 RRVV  . (7.49)








VV  , (7.50)
where M is evaluated using the principal trajectories.  The full expansion of the matrix V3
can be avoided if only the beam sizes are wanted.  The V1,1 and V3,3 terms give the <p2>
and <q2> in the coordinate system of the rotator.  The expressions for the beam sizes, seen
in the coordinate system (p,q) fixed to the rotator, but expressed in terms of the original
beam parameters at the end of the fixed beam line are found to be
   V E E J J11 2 2 2 2 2 2 2, z    p C c E s E S c E s Ep x x z z p x x z   2 2 2C S c E s Ep x x z zp D D , (7.51)
   V E E J J33 2 2 2 2 2 2 2, z    q C s E c E S s E c Ex x z zq q x x z   2 2 2C S s E c Eq x x z zq J J , (7.52)
where s,c are sine and cosine of the rotation angle, Cp,q and Sp,q are the principal
trajectories of the rotator.  The following Figures 7.8 to 7.10 show the beam sizes inside
the three rotators in the coordinate system (p,q) fixed to the rotator as a function of the




























































Figure 7.9.  Horizontal and vertical beam sizes in the triplet rotator.































Figure 7.10.  Horizontal and vertical beam sizes in the doublet/FODO rotator.
7.4.4 Length scaling of  rotators
For the optimisation of layouts it is an advantage to have the possibility of scaling





2 0  , (7.53)
where K(s) is the focusing function, K s h s k s( ) ( ) ( ) 2 , and inserting the solution
   x s s s( ) cos E P , (7.54)






2E E E  

. (7.55)
Equation (7.55) determines the E-function for the whole structure and hence also the phase
advance, which is defined as








P  . (7.56)
One way to evaluate the correct scaling relations is to rewrite equation (7.55) in the form
of (7.57) by introducing the following scaling factors:
x length multiplied with scaling factor N
x focusing function multiplied with O
x E-function multiplied with W







WE O WE WE  

. (7.57)
When scaling a rotator, the betatron phase advances must remain unchanged as they
determine the rather special optical properties.  This constraint means that the scaling
factors cannot be chosen independently.  The relation between them is found by rewriting
(7.57) in the form of (7.58) and then requiring the coefficients introduced by the scaling
factors to cancel in such a way that again (7.55) is obtained.
                     W
N












¸   
d
ds
K s                W N       O N 2 (7.58)
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Finally the correct scaling relationships are found:
x Length: s s N ,
x Focusing function   K K N 2 (7.59)

















it is found that J scales inversely to E.  The emittance E, as a fixed beam parameter cannot
be scaled which results in a change of beam sizes as compared to the initial structure.  The
only magnetic elements in a rotator are quadrupoles and their aperture radius R is generally
determined by the beam size.  Assuming that the aperture changes proportionally to the
beam size gives
R E Ev E N E , (7.62)
and with the scaling for the quadrupole gradient (7.59), the pole tip field, Bpole = kR, is







When scaling a rotator, following the above method, the Twiss-functions will always retain
their qualitative shape.  However, due to the special optical properties, a rotator
transforms any beam, and therefore any Twiss-parameters, according to the transfer matrix
(7.43).  For this reason it is not strictly necessary to scale the input 7wiss-parameters, but
this leads in general to an increase of aperture and pole tip fields as compared to the
correctly scaled case.  Figure 7.11 shows the triplet rotator from Figure 7.6, scaled with
N = 0.5 and unchanged Twiss-input values.  The pole tip field is increased by a factor 3.9
instead of 2.83 for scaled Twiss input values.
Horizontal & vertical betatron amplitudes [m]
0
   7.500
 4.680
Figure 7.11.  Triplet rotator scaled with N=0.5
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7.5 One rotator for several gantries
With appropriate generalisations, the above idea can be extended to design beam delivery
systems that use a single rotator to deliver beam to different gantries.  For such systems,
extension modules with optical properties similar to the rotator are inserted between
rotator and gantries, as shown schematically in Figure 7.12.
Figure 7.12.  Schematic view of a beam delivery system with one rotator, ‘feeding’ several gantries.
7.5.1 Extension modules
Extension modules are fixed in the accelerator plane (x,z).  They must be achromatic
sections of transfer line with phase advances of n·q in the transverse planes.  Modules
that provide a deflection (module 2 in Figure 7.12) must therefore have a closed dispersion























where i and j characterise the phase advances in the horizontal and vertical plane,
q  18021,
,
nji zxP           q  180)12(1, , nji zxP . (7.65)
It should be noted that the rotator transfer matrix can be written as MRot = M1,-1.
7.5.2 Overall transfer matrix
One important advantage of the rotator method is the possibility to match a finite
dispersion to the gantry which can simplify the gantry design.  As the dispersion is
provided in the horizontal plane, the horizontal overall transfer matrix from the end of the
fixed beam line to the entrance of any gantry, has to be unchanged, either I or -I, for all
gantries (see Figure 7.13), whereas the vertical transfer matrix can change.
Figure 7.13.  Horizontal phase space, overall transfer for the dispersion function.
fixed beam line rotator gantry
(x,z) (u,v)
module 1 module 1
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Without loosing generality, the case with the horizontal transfer matrix being unity is



















1,10 MM . (7.66)
For extension modules with horizontal and vertical transfer matrices being any
combination of I and -I it is always possible to find an appropriate rotation angle for the
rotator, that gives the required overall transfer matrix.  To obtain the overall transfer
matrix M0, the transfer matrices for the different modules and the rotation matrices for the
different coordinate systems have to multiplied in beam order as indicated below.
The required rotation angle E of the rotator is then found by solving
1,1Rotji,0 rEED   MRMRMRM (7.67)
The four possible extension modules with the corresponding overall transfer matrices and
the relevant rotator angles are quoted in Table 7.1.







Table 7.1  Characteristics of single-rotator, multi-gantry beam delivery systems.
Due to the special form of the overall transfer matrix M0 all beam parameters (Twiss-
functions, dispersion) needed for the gantry have to be provided at the entrance to the
rotator.  It should be noted that the beam is coupled inside the extension modules, the
beam sizes can be evaluated in the same way as shown for the rotator, using the V-matrix
formalism.
A complete design of a beam delivery system for several gantries, including a gantry
design for a finite dispersion function at the gantry entrance, can be found in [29].
gantryfixed beam line rotator
(x,z) (u,v)
 extension module(p,q) (x,z)





Although there is a wealth of expertise on slow extraction in the high-energy accelerator
laboratories and an equally extensive experience of cancer treatment using conventional
techniques, the field of conformal tumour treatment by active scanning in a synchrotron-
based facility is relatively new.  The slow extraction and accelerator design need to be
optimised for very different boundary conditions to those normally applied in high-energy
laboratories and on the medical side the usage of ion beams presents an entirely new field
of clinical research, the precision of active scanning opens new possibilities for treatment
and on the more technical side treatment programs, scanning systems etc. all require
complete redevelopment.
The thesis has made a contribution to this development by improving the
understanding of the slow extraction from a synchrotron, the extracted-beam
characteristics and the techniques needed to master the machine operation.  The change in
philosophy for the matching to the gantry is a direct result of this optimisation and
understanding of the synchrotron extraction.  The introduction of the ‘rotator’ is an
example of an academic idea that has languished in a ‘drawer’ until the need was fully
understood.  The thesis makes an original contribution at this point by designing a practical
rotator, since before there was a missing link between the mathematical solution and the
practical one.
The thesis also includes practical aspects such as the magnet design, because the
PIMMS project is a practical project and not an academic one.  It is, in fact, an example of
technology transfer from high-energy physics to a practical application in medical physics.
It shows that technology transfers are not automatic.  The problems need to be identified
and studied.  It does show that such developments furnish interesting topics and provide
the possibility for novel development.
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A.1 Relativistic parameters protons
Table A.1 contains relativistic parameters, particle numbers and beam emittances for the
protons.  There will be two modes of operation.  The first is fully active beam delivery,
where beam energy and spot size are adjusted in the accelerator and the transfer lines and a
small pencil beam is scanned over the irradiation field.  The second is partially passive
beam delivery, where only the energy is adjusted in the machine and the beam is spread
over the irradiation field with a scattering system.
Relativistic parameters for protons
Parameter Linac Injection First flat-top Last flat-top
output debunched debunched
Kinetic energy/proton  [MeV] 20 20 60 250
J 1.021316 1.021316 1.063949 1.266452
E 0.203241 0.203241 0.341463 0.613612
EJ 0.207573 0.207573 0.363299 0.777111
Momentum [GeV/c] 0.194757 0.194757 0.340867 0.729128
Magnetic rigidity [Tm] 0.649639 0.649639 1.137011 2.432109
Revolution time [s] - 1.22E-06 .72327E-06 .40249E-06
Revolution frequency [MHz] - 0.8229 1.3826 2.4846
Norm. horiz. rms emit. [S Pm] 0.6 0.6 0.60 0.60
Norm. vert. rms emit. [S Pm] 0.6 0.6 0.60 0.60
Geom. horiz. rms emit. [S mm mrad] 2.89 2.89 1.65 0.77
Geom. vert. rms emit. [S mm mrad] 2.89 2.89 1.65 0.77
Total geom. horiz. emit. [S mm mrad] 14.45 14.45 8.26 3.86
Total geom. vert. emit. [S mm mrad] 14.45 14.45 8.26 3.86
Rms relative momentum spread 0.000700 0.000700 0.000894 0.000894
Full relative momentum spread) 0.0031 0.0031 0.0040 0.0040
Active scanning
Number of particles 1.8701E+10 1.7765E+10 1.5989E+10 1.5989E+10
Kicker rise/fall time [s] - .25000E-06 - -







Number of particles 7.1997E+10 6.84E+10 6.1557E+10 6.1557E+10
Kicker rise/fall time [s] - .25000E-06 - -







Speed of light in vacuum .29979E+09
Equivalent proton mass [GeV] 0.938255
Equivalent C4+ mass [GeV] 11.17467
Equivalent C6+ mass [GeV] 11.175692
Elementary charge [C] 1.6022E-19
Table A.1.  Relativistic parameters for protons.
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A.2 Relativistic parameters carbon ions
Table A.2 contains relativistic parameters, particle numbers and beam emittances for the
carbon ions.  The only mode of operation foreseen is fully active beam delivery.
The carbon ions delivered from the source to the injector linac are in charge state C4+
and will be stripped after the linac, before injection into the synchrotron, to C6+.  The
stripping foil should be between 50 and 200 Pg/cm2.  The equilibrium stripping thickness is
near the lower end of the range.  Foils with less than 50 Pg/cm2 become hard to handle and
foils thicker than 200 Pg/cm2 will unnecessarily perturb the beam.  The emittances quoted
in Table A.2 have been calculated for 200 Pg/cm2 in order to have pessimistic, but
practical, values.  The choice of the stripping foil in a single-turn injection system is a
compromise between a higher injection energy to improve stripping efficiency and a lower
injection energy to benefit from a longer injection time.  The optimum appears to be
around 5 to 7 MeV/n for C4+ ions stripping to C6+ ions in the medical synchrotron.
Relativistic parameters for carbon C6+ ions
Parameter Linac Injection First flat-top Last flat-top
output post-stripping debunched debunched
Kinetic energy/nucleon [MeV] 7 6.965833 120 400
Charge state C4+ C6+ C6+ C6+
J 1.007517 1.007480 1.128851 1.429504
E 0.121927 0.121627 0.463959 0.714590
EJ 0.122843 0.122537 0.523741 1.021509
Average momentum/nucleon [GeV/c] 0.114395 0.114119 0.487764 0.951339
Magnetic rigidity [Tm] 1.144738 0.761321 3.254012 6.346651
Revolution time [ s] - 2.0306E-06 0.53231E-06 0.34561E-06
Revolution frequency [MHz] - 0.4925 1.8786 2.8934
Norm. horiz. rms emit. [S Pm] 0.7 0.8 0.80 0.80
Norm. vert. rms emit. [S Pm] 0.7 0.8 0.80 0.80
Geom. horiz. rms emit. [S mm mrad] 5.70 6.53 1.53 0.78
Geom. vert. rms emit. [S mm mrad] 5.70 6.53 1.53 0.78
Total geom. horiz. emit. [S mm mrad] 28.49 32.64 7.64 3.92
Total geom. vert. emit. [S mm mrad] 28.49 32.64 7.64 3.92
Rms relative momentum spread 0.000450 0.000471 0.000894 0.000894
Full relative momentum spread 0.0020 0.0021 0.0040 0.0040
Active scanning
Number of particles 8.7488E+08 8.3113E+08 6.3956E+08 6.3956E+08
Injection kicker rise/fall time [s] - .25000E-06
















Table B.1 contains a listing of the lattice elements of the medical synchrotron.  The first
element (straight section  SS1-1) corresponds to the centre of the injection/extraction
straight section of the synchrotron (Figure 4.5).
Lattice elements of the medical synchrotron












SS1-1 DRIFT 1.200 0 0 0 0 0
INJ DRIFT 0.600 0 0 0 0 0
SS1-2 DRIFT 0.250 0 0 0 0 0
QF1 QUADR 0.350 0 0 0 -0.336952 0
SS2 DRIFT 0.270 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS3 DRIFT 0.500 0 0 0 0 0
QD QUADR 0.350 0 0 0 0.574550 0
SS4 DRIFT 0.600 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS5 DRIFT 0.300 0 0 0 0 0
QF1 QUADR 0.350 0 0 0 -0.336952 0
SS6-1 DRIFT 1.600 0 0 0 0 0
SxC_hor SEXTU 0.200 0 0 0 0 2.206572
SS6-2 DRIFT 0.200 0 0 0 0 0
QF2 QUADR 0.350 0 0 0 -0.540267 0
SS7 DRIFT 0.300 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS8 DRIFT 0.850 0 0 0 0 0
QD QUADR 0.350 0 0 0 0.574550 0
SS9 DRIFT 0.500 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS10 DRIFT 0.300 0 0 0 0 0
QF2 QUADR 0.350 0 0 0 -0.540267 0
SS11 DRIFT 3.200 0 0 0 0 0
QF2 QUADR 0.350 0 0 0 -0.540267 0
SS12 DRIFT 0.300 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS13 DRIFT 0.500 0 0 0 0 0
QD QUADR 0.350 0 0 0 0.574550 0
SS14-1 DRIFT 0.200 0 0 0 0 0
SxC_ver SEXTU 0.200 0 0 0 0 -0.991832
SS14-2 DRIFT 0.450 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS15 DRIFT 0.300 0 0 0 0 0
QF2 QUADR 0.350 0 0 0 -0.540267 0
SS16 DRIFT 2.000 0 0 0 0 0
QF1 QUADR 0.350 0 0 0 -0.336952 0
SS17 DRIFT 0.300 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS19 DRIFT 0.600 0 0 0 0 0
QD QUADR 0.350 0 0 0 0.574550 0
SS20 DRIFT 0.500 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS21 DRIFT 0.270 0 0 0 0 0
QF1 QUADR 0.350 0 0 0 -0.336952 0
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SS22-1 DRIFT 3.385 0 0 0 0 0
SxRes SEXTU 0.200 0 0 0 0 10.13000
SS22-2 DRIFT 0.515 0 0 0 0 0
QF1 QUADR 0.350 0 0 0 -0.336952 0
SS23 DRIFT 0.270 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS24 DRIFT 0.500 0 0 0 0 0
QD QUADR 0.350 0 0 0 0.574550 0
SS25 DRIFT 0.600 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS26 DRIFT 0.300 0 0 0 0 0
QF1 QUADR 0.350 0 0 0 -0.336952 0
SS27-1 DRIFT 1.600 0 0 0 0 0
SxC_hor SEXTU 0.200 0 0 0 0 2.206572
SS27-2 DRIFT 0.200 0 0 0 0 0
QF2 QUADR 0.350 0 0 0 -0.540267 0
SS28 DRIFT 0.300 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS29 DRIFT 0.850 0 0 0 0 0
QD QUADR 0.350 0 0 0 0.574550 0
SS30 DRIFT 0.500 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS31 DRIFT 0.300 0 0 0 0 0
QF2 QUADR 0.350 0 0 0 -0.540267 0
SS32 DRIFT 3.200 0 0 0 0 0
QF2 QUADR 0.350 0 0 0 -0.540267 0
SS33 DRIFT 0.300 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS34 DRIFT 0.500 0 0 0 0 0
QD QUADR 0.350 0 0 0 0.574550 0
SS35-1 DRIFT 0.200 0 0 0 0 0
SxC_ver SEXTU 0.200 0 0 0 0 -0.991832
SS35-2 DRIFT 0.450 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS36 DRIFT 0.300 0 0 0 0 0
QF2 QUADR 0.350 0 0 0 -0.540267 0
SS37-1 DRIFT 0.150 0 0 0 0 0
ES DRIFT 1.000 0 0 0 0 0
SS37-2 DRIFT 0.850 0 0 0 0 0
QF1 QUADR 0.350 0 0 0 -0.336952 0
SS38 DRIFT 0.300 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS39 DRIFT 0.600 0 0 0 0 0
QD QUADR 0.350 0 0 0 0.574550 0
SS40 DRIFT 0.500 0 0 0 0 0
MB RBEND 1.785 0.392699 0.196349 0.196349 0 0
SS41 DRIFT 0.270 0 0 0 0 0
QF1 QUADR 0.350 0 0 0 -0.336952 0
SS42-1 DRIFT 0.200 0 0 0 0 0
MS DRIFT 1.000 0 0 0 0 0
SS42-2 DRIFT 0.850 0 0 0 0 0
   Exit 74.040
Table B.1.  Lattice elements of the medical synchrotron.




The lattice functions for the medical synchrotron (shown graphically in Figure 4.4) are
listed numerically in Table B.2.
Lattice functions for the medical synchrotron
Element Name Element Type    Beta-x
[m]
  Alpha-x      Dx
[m]
   dDx/ds    Beta-z
[m]
   Alpha-z
SS1-1 DRIFT 8.7238 0.0000 -0.0322 0.0000 2.6365 0.0000
INJ DRIFT 8.8889 -0.1376 -0.0322 0.0000 3.1827 -0.4551
SS1-2 DRIFT 9.0952 -0.2063 -0.0322 0.0000 3.8654 -0.6827
QF1 QUADR 9.2055 -0.2350 -0.0322 0.0000 4.2305 -0.7775
SS2 DRIFT 9.0046 0.8011 -0.0315 0.0038 5.0140 -1.4918
MB RBEND 8.5853 0.7519 -0.0305 0.0038 5.8665 -1.6655
SS3 DRIFT 6.5212 0.4347 0.3221 0.4016 12.5168 -1.7692
QD QUADR 6.1320 0.3436 0.5229 0.4016 14.3685 -1.9342
SS4 DRIFT 6.3447 -0.9655 0.6836 0.5222 14.7115 0.9774
MB RBEND 7.6130 -1.1483 0.9969 0.5222 13.5865 0.8976
SS5 DRIFT 12.5293 -1.6780 2.2512 0.9200 9.0161 1.4628
QF1 QUADR 13.5635 -1.7694 2.5272 0.9200 8.1698 1.3583
SS6-1 DRIFT 14.2529 -0.1731 2.7951 0.6051 7.5777 0.3565
SxC_hor SEXTU 14.9917 -0.2887 3.7632 0.6051 6.8176 0.1185
SS6-2 DRIFT 15.1100 -0.3031 3.8842 0.6051 6.7761 0.0888
QF2 QUADR 15.2342 -0.3176 4.0052 0.6051 6.7465 0.0591
SS7 DRIFT 14.4693 2.4546 4.0829 -0.1639 7.1784 -1.3201
MB RBEND 13.0402 2.3089 4.0337 -0.1639 8.0049 -1.4347
SS8 DRIFT 6.4766 1.4644 4.0947 0.2340 12.7424 -1.0120
QD QUADR 4.3379 1.0517 4.2936 0.2340 14.5776 -1.1471
SS9 DRIFT 3.9401 0.1114 4.5284 1.1158 14.3603 1.7534
MB RBEND 3.8929 -0.0171 5.0863 1.1158 12.6778 1.6116
SS10 DRIFT 4.7297 -0.4640 7.3733 1.5136 6.3747 1.6437
QF2 QUADR 5.0313 -0.5411 7.8273 1.5136 5.4407 1.4695
SS11 DRIFT 5.0986 0.3529 8.0937 0.0000 4.8068 0.3812
QF2 QUADR 5.0986 -0.3529 8.0937 0.0000 4.8068 -0.3812
SS12 DRIFT 5.0313 0.5411 7.8273 -1.5136 5.4407 -1.4695
MB RBEND 4.7297 0.4640 7.3733 -1.5136 6.3747 -1.6437
SS13 DRIFT 3.8929 0.0171 5.0863 -1.1158 12.6778 -1.6116
QD QUADR 3.9401 -0.1114 4.5284 -1.1158 14.3603 -1.7534
SS14-1 DRIFT 4.3379 -1.0517 4.2936 -0.2340 14.5776 1.1471
SxC_ver SEXTU 4.7780 -1.1488 4.2468 -0.2340 14.1252 1.1153
SS14-2 DRIFT 5.2569 -1.2459 4.2000 -0.2340 13.6854 1.0835
MB RBEND 6.4766 -1.4644 4.0947 -0.2340 12.7424 1.0120
SS15 DRIFT 13.0402 -2.3089 4.0337 0.1639 8.0049 1.4347
QF2 QUADR 14.4693 -2.4546 4.0829 0.1639 7.1784 1.3201
SS16 DRIFT 15.2342 0.3176 4.0052 -0.6051 6.7465 -0.0591
QF1 QUADR 14.2529 0.1731 2.7951 -0.6051 7.5777 -0.3565
SS17 DRIFT 13.5635 1.7694 2.5272 -0.9200 8.1698 -1.3583
MB RBEND 12.5293 1.6780 2.2512 -0.9200 9.0161 -1.4628
SS19 DRIFT 7.6130 1.1483 0.9969 -0.5222 13.5865 -0.8976
QD QUADR 6.3447 0.9655 0.6836 -0.5222 14.7115 -0.9774
SS20 DRIFT 6.1320 -0.3436 0.5229 -0.4016 14.3685 1.9342
MB RBEND 6.5212 -0.4347 0.3221 -0.4016 12.5168 1.7692
SS21 DRIFT 8.5853 -0.7519 -0.0305 -0.0038 5.8665 1.6655
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QF1 QUADR 9.0046 -0.8011 -0.0315 -0.0038 5.0140 1.4918
SS22-1 DRIFT 9.2055 0.2350 -0.0322 0.0000 4.2305 0.7775
SxRes SEXTU 8.9281 -0.1530 -0.0322 0.0000 3.3125 -0.5063
SS22-2 DRIFT 8.9939 -0.1760 -0.0322 0.0000 3.5302 -0.5822
QF1 QUADR 9.2055 -0.2350 -0.0322 0.0000 4.2305 -0.7775
SS23 DRIFT 9.0046 0.8011 -0.0315 0.0038 5.0140 -1.4918
MB RBEND 8.5853 0.7519 -0.0305 0.0038 5.8665 -1.6655
SS24 DRIFT 6.5212 0.4347 0.3221 0.4016 12.5168 -1.7692
QD QUADR 6.1320 0.3436 0.5229 0.4016 14.3685 -1.9342
SS25 DRIFT 6.3447 -0.9655 0.6836 0.5222 14.7115 0.9774
MB RBEND 7.6130 -1.1483 0.9969 0.5222 13.5865 0.8976
SS26 DRIFT 12.5293 -1.6780 2.2512 0.9200 9.0161 1.4628
QF1 QUADR 13.5635 -1.7694 2.5272 0.9200 8.1698 1.3583
SS27-1 DRIFT 14.2529 -0.1731 2.7951 0.6051 7.5777 0.3565
SxC_hor SEXTU 14.9917 -0.2887 3.7632 0.6051 6.8176 0.1185
SS27-2 DRIFT 15.1100 -0.3031 3.8842 0.6051 6.7761 0.0888
QF2 QUADR 15.2342 -0.3176 4.0052 0.6051 6.7465 0.0591
SS28 DRIFT 14.4693 2.4546 4.0829 -0.1639 7.1784 -1.3201
MB RBEND 13.0402 2.3089 4.0337 -0.1639 8.0049 -1.4347
SS29 DRIFT 6.4766 1.4644 4.0947 0.2340 12.7424 -1.0120
QD QUADR 4.3379 1.0517 4.2936 0.2340 14.5776 -1.1471
SS30 DRIFT 3.9401 0.1114 4.5284 1.1158 14.3603 1.7534
MB RBEND 3.8929 -0.0171 5.0863 1.1158 12.6778 1.6116
SS31 DRIFT 4.7297 -0.4640 7.3733 1.5136 6.3747 1.6437
QF2 QUADR 5.0313 -0.5411 7.8273 1.5136 5.4407 1.4695
SS32 DRIFT 5.0986 0.3529 8.0937 0.0000 4.8068 0.3812
QF2 QUADR 5.0986 -0.3529 8.0937 0.0000 4.8068 -0.3812
SS33 DRIFT 5.0313 0.5411 7.8273 -1.5136 5.4407 -1.4695
MB RBEND 4.7297 0.4640 7.3733 -1.5136 6.3747 -1.6437
SS34 DRIFT 3.8929 0.0171 5.0863 -1.1158 12.6778 -1.6116
QD QUADR 3.9401 -0.1114 4.5284 -1.1158 14.3603 -1.7534
SS35-1 DRIFT 4.3379 -1.0517 4.2936 -0.2340 14.5776 1.1471
SxC_ver SEXTU 4.7780 -1.1488 4.2468 -0.2340 14.1252 1.1153
SS35-2 DRIFT 5.2569 -1.2459 4.2000 -0.2340 13.6854 1.0835
MB RBEND 6.4766 -1.4644 4.0947 -0.2340 12.7424 1.0120
SS36 DRIFT 13.0402 -2.3089 4.0337 0.1639 8.0049 1.4347
QF2 QUADR 14.4693 -2.4546 4.0829 0.1639 7.1784 1.3201
SS37-1 DRIFT 15.2342 0.3176 4.0052 -0.6051 6.7465 -0.0591
ES DRIFT 15.1405 0.3068 3.9145 -0.6051 6.7676 -0.0814
SS37-2 DRIFT 14.5993 0.2345 3.3094 -0.6051 7.0791 -0.2301
QF1 QUADR 14.2529 0.1731 2.7951 -0.6051 7.5777 -0.3565
SS38 DRIFT 13.5635 1.7694 2.5272 -0.9200 8.1698 -1.3583
MB RBEND 12.5293 1.6780 2.2512 -0.9200 9.0161 -1.4628
SS39 DRIFT 7.6130 1.1483 0.9969 -0.5222 13.5865 -0.8976
QD QUADR 6.3447 0.9655 0.6836 -0.5222 14.7115 -0.9774
SS40 DRIFT 6.1320 -0.3436 0.5229 -0.4016 14.3685 1.9342
MB RBEND 6.5212 -0.4347 0.3221 -0.4016 12.5168 1.7692
SS41 DRIFT 8.5853 -0.7519 -0.0305 -0.0038 5.8665 1.6655
QF1 QUADR 9.0046 -0.8011 -0.0315 -0.0038 5.0140 1.4918
SS42-1 DRIFT 9.2055 0.2350 -0.0322 0.0000 4.2305 0.7775
MS DRIFT 9.1161 0.2121 -0.0322 0.0000 3.9346 0.7017
SS42-2 DRIFT 8.8066 0.0974 -0.0322 0.0000 2.9106 0.3224
    End 8.7238 0.0000 -0.0322 0.0000 2.6365 0.0000
Table B.2.  Lattice functions of the medical synchrotron.
